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PREFACE TO THE FIRST EDITION. 



^ I HAVE endeavoured in this Manual to collect and 
^ arrange all those elementary Q-eometrical Propo- 
sitions not given in Euclid, which a Student will 
require in his Mathematical Course. The neces- 
sity for such a work will be obvious to every per- 
son engaged in Mathematical tuition. I have 
been frequently obliged, when teaching the Higher 
Mathematics, to interrupt my demonstrations, in 
order to prove some elementary Propositions on 
which they depended, but which were not given 
in any book to which I could refer. The object of 
the present little Treatise is to supply that want. 

The following is the plan of the Work. It 
is divided into five Chapters, corresponding to 
Books I., II., III., IV., VI. of Euclid. The 
Supplements to Books I.-IV. consist of two Sec- 
tions each, namely. Section I., Additional Propo- 
sitions ; Section II., Exercises. This part will be 
found to contain original proofs of some of the 
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most elegant Propositions in Geometry. The Sup- 
plement to Book VI. is the most important ; it 
embraces more than half the work, and consists of 
eight Sections, as follows : — I., Additional Propo- 
sitions ; II., Centres of Similitude ; III., Theory 
of Haxmonic Section ; IV., Theory of Inversion ; 
v., Coaxal Oirdes ; VI., Theory of Anharmonic 
Section ; VTI., Theory of Poles and Polars, and 
Eeciprocation ; VIII., Miscellaneous Exercises. 
Some of the Propositions in these Sections have 
first appeared in Papers published by myself ; but 
the greater number have been selected from the 
writings of Chasles, Salmon, and Townsend. 
For the proofs given by these authors, in some 
instances others have been substituted, but in 
no case except where by doing so they could be 
made more simple and elementary. 

I have to return my best thanks to Mb. Wil- 
liamson, F.R.S., for many suggestions, as well as 
for his kindness in reading the proof sheets ; and 
Also to the Committee of the "Dublin University 
Press Series," for adopting my book as one of 
their publications. 



JOHN CASEY. 



2, loNA Tbb&ace, 

Dublin, Feb. S, 1881. 



PEEFACE TO THE SECOND EDITION. 



The rapid sale of the first edition of this work, 
and the favourable manner in which it has been 
received by Educational Journals, prove that it 
has answered the object for which it was written, 
namely, to supply the heads of schools and others 
engaged in tuition with a Manual, in a conve- 
nient form, that would enable them to prepare 
their classes for Civil Service and College Exami- 
nations, and impcuH: to them a thorough knowledge 
of Geometry. 

The principles of Modem Geometry contained 
in the work are, in the present state of science, 
indispensable in Pure and Applied Mathematics,'^ 
and in Mathematical Physics ;t and it is important 
that the Student should become early acquainted 
with them. 

* See Chalmers* '* Graphical Determiziation of Forces in 
Engineering Structures.'* 

t See Sir W. Thomson's Papers on "Electrostatics and Mag- 
netism" ; Clerk Maxwell's ** Electricity." 
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I have to thank several correspondents for their 
kindness in sending me lists of errata, especially 
Mr. W. S. M*Cay, F.T.C.D., and Mr. Edward 
Butler, m.a., Kensington. 

This edition has been enlarged and thoroughly 
revised, and will, I hope, be found free from mis- 
takes ; and still more worthy of the favourable 
reception accorded to the first. 



JOHN CASEY. 



86, South Ci&culab Road, 
Dublin, Jan. 27, 1882. 
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Pago 1, line 8, for contractions read symbols. 
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SECTION I. 

ADDmOlTAL PSOPOSITIONS. 

In the following pages the Propositions of the text of 
Euclid will be referred to by Boman numerals enclosed 
in brackets, and those of the work itself by the Arabic. 
The number of the book will be given only when diffe- 
rent from that under which the reference occurs. 

For the purpose of saying space, the following con- 
tractions wiU be employed : — 

Circle will be denoted by 

Triangle ,, A 

Parallelogram 

Parallel 

Angle 

Perpendicular 



Z 
± 



In addition to the foregoing, we shall employ the 
usual symbols of Algebra, and other contractions whose 
meanings will be so obTious as not to require expla- 
nation. 
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Prop. 1. — I%e diagonals of a parallelogram hisect each 
other. 

Let ABCD be the cs, its diagonals AC, BD bisect 
each other. 

Dam. — Because AC meets the ||s AB, CD, the Z 
BAO=DCO. In like manner, 
the Z ABO = CDO (xxix.)» 
and the side AB = side CD 
(xxxiv.) ; .*. AO = OC ; 
BO = OD (xxvi.) 

Cor. 1. — If the diagonals 
of a quadrilateral bisect each other it is a zzi. 

Cor* 2. — If the diagonals of a quadrilateral divide it 
into four equal triangles, it is a c=. 

Prop. 2. — The line DE drawn throijtgh the middle point 
"D of the side AB of a triangle, 
parallel to a second side BC, 
bisects the third side AC. 

Dem. — Through C draw CF 
II to AB, meeting DE produced 
in F. Since BCFD is a c=i, 
CF = BD (xxxiv.); but BD 
= AD (hyp.) ; .-. CF = AD. 

Again, the Z FCE = DAE, and Z EFC = ADE (xxix.) ; 
.'. AE = EC (xxvi.). Hence AC is bisected. 

Cor,—D^ = i BC. For DE = EF = J DF. 

Prop. 8. — The line DE which Joins the middle points 
D and E of the sides AB, AC of a triangle is parallel to 
the base BC. 

Dem.— Join BE, CD (fig. 2), then A BDE = ADE 
(xxxviii.), and CDE = ADE; there- 
fore the A BDE = CDE, and the 
line DE is || to BC (xxxix.). 

Cor. 1 .—If D, E, F be the middle 
points of the sides AB, AC, BC of 
a A, the four As into which the 
lines DE, EF, FD divide the A ABC B 
are all equal. This follows from 
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(xxxiv.), because the figures ADFE, CEDE, BFED, 



are 



IS. 




C(yr, 2. — If through the points D, E, any two || s be 
drawn meeting the base BC in two points M, N, the 
en DEISM is = t A ABC. For DENM = cd DEEB 
(xxxv.). 

Def. — When three or more lines pass through the same 
point they are said to he concurrent. 

Prop. 4. — The bisectors of the three sides of a triangle 
are concurrent. 

Let BE, CD, the bisectors of 
AC, AB, intersect in 0; the 
Prop, will be proved by show- 
ing that AO produced bisects 
BC. Through B draw BQ || 
to CD, meeting AO produced 
in G ; join CQ-. Then, be- 
cause DO bisects AB, and is 
II to BG, it bisects AG (2) in 
O. Again, because OE bisects 
the sides AG, AC, of the A 
AGC, it is 11 to GC(3). Hence the figure OBGC is 
a en, and the diagonsds bisect each other (1); .*. BC is 
bisected in F. 

Cor. — The bisectors of the sides of a A divide each 
other in the ratio of 2 : 1. 

Because AO = OG and OG = 20E, AO = 20E. 

Prop. 5. — The middle points E, E, Gr^'Kofthe sides AC, 
BC, AD, BD of two triangles ABO, ABD, on the same base 
AB, are the angular points 
of a parallelogramy tDhos$ 
area is equal to half sum 
or half difference of the areas 
of the triangles, according as 
they are on opposite sides, 
or on the same side of the 
common base, 

Dem. 1. Let the As 
be on opposite sides. The 

b2 
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figure EEHG is evidently a en, since the opposite sides 
EF, GH are each || to AB(3), and = i AB (Prop. 2, Cor,). 
Again, let the lines EG, FH meet AB in the points 
M, N ; then czi EFNM = i A ABC (Prop. 3, Cor. 2), 
and CD GHNM = + A ABD. Hence c=i EFHG = 
i (ABC + ABD). 

Dem. 2. — When ABC, ABD are on the same side 
of AB, we have evidently c=i EFGH = EFIOi - 
GKNM = i(ABC - ABD). 

Observation. — The second case of this propositioii may be 
inferred from the first if we make the convention of regarding the 
sign of the area of the A ABD to change from positiye to nega- 
tive, when the A goes to the other side of the base. This affords 
a simple instance of a convention universally adopted by modem 
geometers, namely — ^when a geometrical magnitude of any kind, 
which varies continuously according to any law, passes through a' 
zero value to give it the algebraic signs, plus and minus, on diffe- 
rent sides of the zero— in other words, to suppose it to change 
sign in passing through zero, unless zero is a maximum or mini- 
mum. 

Prop. 6. — If two equal Mangles ABC, ABD he on the 
same base AB, hut on opposite sides, the line joining the 
vertices C, D is hisected hy AB. 

Dem. — ^Through A and B 
draw AE, BE || respectively 
to BD, AD ; join EC. Now, 
8ince AEBD is a cs, the 
A AEB = ADB (xxxiv.) ; but 
ADB = ACB (hyp.) ; .-.AEB 
= ACB; .-. CE is || to AB 
(xxxix.). Let CD, ED meet 
AB in the points M, N, respec- 
tively. Now, since AEBD is 
a CD, ED is bisected in N (1) ; and since NM is |1 to 
EC, CD is bisected in M (2). 

Car. — If the line joining the vertices of two As on 
the same base, but on opposite sides, be bisected by the 
base, the As are equal. 

Prop. 7. — If the opposite sides AB, CD of a quadrilateral 
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meet in T, and if Ot, H be the middle joints of the 
diagonals AC, BD, the 
triangle PGH = i the 
quadrilateral ABCD. 

Dem. — Bisect the 
sides BC, AD in Q and 
R; joinQH, QG, QP, 
RH, RG. Now, since 
QG is II to AB (3), if 
produced it will bisect 
PC ; then, since CP, 
joining the vertices of 
the As CGQ, PGQ on the same base GQ, but on oppo- 
site sides, is bisected by GQ produced, the A PGQ 
= CGQ (Prop. 6, Cor,) = i ABC. 

In like manner PHQ = iBCD. Again, the cd GOHR 
= J (ABD - ABC) (6) ; /. A QGH = iABD - i ABC: 
hence, A PGH = i (ABC + BCD + ABD - ABC) = i qua- 
drilateral ABCD. 

Car, — The middle points of the three diagonals of a 
complete quadrilaterad are collinear («. e. in the same 
right line). Por, let s. 

AD and BC meet 
in S, then SP wiU 
be the third dia- 
gonal ; join S and P 
to the middle points 
G, H of the dia- 
gonals AC, BD ; 
then the As SGH, 
PGH, being each 
= i quadnlateral 
ABCD, are = to one 
another ; .*. GH 
produced bisects SP 
(6). 

Def. — If a variable point moves according to any law, 
the path which it describes is termed its locus. 

Thus, if a point P moves so as to be always at the 
same distance from a fixed point 0, the locus of P is 
a O, whose centre is O and radius = OP. Or, again, if 
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A and B be two fixed points, and if a variable point P 
moves so that the area of the A A£P retains the same 
value during the motion, the locus of P will be a right 
line II to AB. 

Prop. 8. — I/ABy CD he two lines given in position 
and magnitude, and if a point P moves so that the sum 
of the areas of the triangles ABP, CDP is given, the locus 
of P is a right line, 

Bern. — Let AB, CD intersect in ; then cut 
off OE = AB, and OF = CD ; join OP, EP, EF, 
FP; then A APB 
= OPE, and CPD = 
OPF ; hence the sum 
of the areas of the As 
OEP, OFP is given; 
.'. the area of the 
quadrilateral OEPF is 
given; but the A OEF 

is evidently given ; .•. 

the area of the A EFP ^ n a s\ b 

is given, and the base ^^^^ 

EF is given ; .*. the locus of P is a right line || to EF. 

Let the locus in this question be the dotted line in the diagram. 
It is evident, when the point P coincides with R, the area of the 
A CDP vanishes ; and when the point P passes to the other side 
of CD, such as to the point T, the area of the A CDP must he 
regarded as negative. Similar remarks hold for the A APB and 
the line AB. This is an instance of the principle (see 6, note) 
that the area of a A passes from positive to negative as compared 
with any given A in its own plane, when (in the course of any 
continuous change) its vertex crosses its base. 

Cor, 1. — If m and n be any two multiples, and if 
we make OE = mAB and OF = wCD, we shall in a 
similar way have the locus of the point P when m times 
A ABP + n times CDP is given ; viz., it will be a right 
line II to EF. 

Cor, 2. — If the line CD be produced through 0, and 
if we take in the line produced, OF' = «CD, we shall 
get the locus of P when m times A ABP - n times 
CDP is given. 

Cor, 3. — If three lines, or in general any number of 
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lines, be given in magnitude and position, and if m, n, 
p, q, &c., be any system of multiples, all positive, or 
some positive and some negative, and if the area of 
m times A ABP + n times CDP +p times GHP + &c., 
be given, the locus of P is a right Hue. 

Cor. 4. — K ABCD be a quadrilateral, and if P be a 
point, so that the sum of the areas of the As ABP, 
CDP is half the area of the quadrilateral, the locus 
of P is a light line passing through the middle points 
of the three diagonals of the quadrilateral. 

Prop. 0. — To divide a given line AB into two parts y 
the difference of whose squares shall he equal to the sqttare 
of a given line CD. 

Con. — Draw BE at 
right angles to AB, 
and make it = CD ; 
join AE, and make 
the Z AEF = EAB ; 
then F is the point 
required. 

Dem. — Because the Z AEF = EAF, the side AF 
= FE; .-. AF» = rE« = FB« + BE»; .-. AF»-FB» = BE»; 
but BE2 = CD' ; .-. AF« - FB* = CD'. 

If CD be greater than AB, BE will be greater than AB, and 
the I EAB win be greater than the L AEB ; hence the line EF, 
which makes with AE the L AEF = L EAB, wiU fall at the 
other aide of EB, and the point F will be in the line AB produced. 
The point F is in this case a point of external division. 

Prop. 10. — Given the base of a triangle in magnitude 
and position, and given also the difference of the squares cf 
its sides, to find the locus of its vertex. 

Let ABC be the A whose base AB is given ; let fall 
the ± CP on AB ; then 

AC* = AF + CF ; (xlvii.) 

BC» = BF + CP2 ; 
therefore AC - BC» = AF - BF ; 

but AC - BC is given ; .-. AF - BF is given. Hence 
AB is divided in P into two parts, the difference of 
whose squares is given ; .•. P is a given point (9), and 
the line CP is given in position ; and since the point C 
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must be always on the line CP, tlie locus of G is a right 
line JL to the base. 

Cor, — The three JLs of a A are concurrent. Let 
the JLs from A and B on the opposite sides be AD and 
BE, and let be the point of intersection of these ±s. 
Now, AC - AB« = 0C« - 0B» ; (10) 

and AB» - BC» = 0A»- 0(? ; 

therefore AC - BC = 0A» - OB'. 

Hence the line GO produced will be X to AB. 

^ Prop. 11. — If perpendieulari AE, BF he drawn from 
the extremities A, B of the hose of a triangle on the in- 
temal bisector of the vertical a/ngU^ the line joining the 
middle point Qt of the base 
to the foot of either perpen- 
dicular is equal to half the 
difference of the sides AG, 
BC. 

Dem. — ^Produce BF to 
D ; then in the As BCF, 
DCF there are evidently a" 
two Zs and a side of one 
= respectively to two Zs 
and a side of the other; 
.•.GD = CBandFp=FB; 
hence AD is the difference 
of the sides AG, BG ; and, since F and G are the 
middle points of the sides BD, BA ; .*. FG = \ AD 
= J (AG - BG). In Hke manner EG = i (AG - BG). 

Cor, 1. — ^By a similar method it may be proved that 
lines drawn from the middle point of the base to the feet 
of JLs from the extremities of the base on the bisector of 
the external vertical angle are each = half sum of AG 
andBG. 

Cor, 2.— The Z ABDis=i^difference of the base angles. 

Cor, 3. — GBD is = half sum of the base angles. 

Cor, 4. — The angle between GF and the -L from C 
on AB = \ difference of the base angles. 

Cor, 6. — ^AID = difference of the base angles. 

Cor, 6. — Given the base and the difference of the 
sides of a A, the locus of the feet of the J-s from the 
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extremities of the base on the bisector of the internal 
vertical Z is a circle, whose centre is the middle point of 
the base, and whose radius » half difference of the sides. 
Cor, 7. — Given the base of a A and the sum of the 
sides, the locus of the feet of the JLs from the extremi- 
ties of the base on the bisector of the external vertical 
Z is a circle, whose centre is the middle point of the 
base, and whose radius = half sum of the sides. 

Prop. 12. — The three perpendiculars to the aides of a 
triangle at their middle points are concurrent, 

Dem. — Let the middle points be D, E, F. Draw 
PG, EG ± to AB, AC, 
and let these J.s meet 
in G ; join GD : the 
prop, will be proved 
by showing that GD 
is ± to BC. Join AG, 
BG, CG. Now, in the 
As AFG and BFG, 
since AF=FB,andFG 
common, and the Z 
AFG = BFG, AG is 
= GB (iv.). In like manner AG = GC ; hence BG = GC. 
And since the As BDG, CDG have the side BD = DC 
and DG common, and the base BG = GC, the Z BDG 
= CDG (viii.) ; .-. GD is ± to BC. 

Cor. 1. — If the bisectors of the sides of the A meet 
in H, and GH be j oined A 

and produced to meet 
any of the three JLs 
from the Zs on the 
opposite sides ; for in- 
stance, the J. from A 
to BC, in the point I, 
suppose; then GH = i- 
HI. ForDH = jHA 
{Cor,f Prop. 4). 

Cor. 2. — Hence the ±s of the A pass through the 
point I. This is another proof that the ±s of a A are 
concurrent. 
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Cor. 3,— The lines GD, GE, GF are respectively 
= JIA, ilB, ilC. 

Car, 4. — The point of concurrence of ±8 from the 
Zs on the opposite sides, the point of concurrence of 
bisectors of sides, and the point of concurrence of -Ls 
at middle points of sides of a A, are collinear. 

Prop. 13. — If two triangles ABC, ABD, he on the 
same hose AB and he- 
tween the same par al- 
lelsy and if a parallel 
to AB intersect the 
lines AC, BC, in E 
and F, and the lines 
AD, BD, in G and 
H, EF is = GH. 

Dem. — If not, let GH be greater than EF, and cut 
off GK = EF. Join AK, KB, KD, AF; then (xxxviii.) 
A AGK = AEF, and DGK = CEF, and (xxxvii.) ABK 
= ABF ; .-. the quadrilateral ABKD = A ABC ; but A 
ABC = ABD ; .-. the quadrilateral ABKD = A ABD, 
which is impossible. Hence EF = GH. 

Cor, 1. — If instead of two As on the same base and 
between the same ||s, we have two As on equal bases 
and between the same || s, the intercepts made by the 
sides of the As on a || to the line joining the vertices 
are equal. 

Cor, 2. — The line drawn from the vertex of a A to 
the middle point of the base bisects any line parallel to 
the base, and terminated by the sides of the triangle. 

Prop. 14. — To inscribe a square in a triangle. 



F'^^l" 
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Con.— let ABC be the A: let fall the ± CD ; cutoff 
BE = AD ; join EC ; bisect the Z EDC by the line DF, 
meeting EC in E ; through E draw a || to AB, cutting 
the sides BC, AC in the points G, H ; from G, H let fall 
the ±s GI, HJ : the figure GIJH is a square. 

Dem. — Since the ZEDC is bisected by DE, and the 
Z s K and L right angles, and BY common, EK = YL 
(xxvi.) ; but EL = GH (Prop. 13, Cor. 1), and EK = GI 
(xxxiv.) ; .". GI = GH, and the figure IGHJ is a square, 
and it is inscribed in the triangle. 

Cor.—H we bisect the Z ADC by the line DE', 
meeting EC produced in E', and through E' draw a 
line II to AB meeting BC, and AC produced in G', H', 
and from G', H' let fall ±s GT, HT on AB, we shall 
have an escribed square. 

Prop. 15. — To divide a given line AB into any number 
of equal parte. 

Con. — ^Draw through A any line AE, making an Z 
with AB ; in AE take any point C, and cut off CD, DE, 
EE, &c., each = AC, 
until we have as many 
equal parts as the 
number into which we 
want to divide AB — 
say, for instance, four 
equal parts. Join BE; 
and draw CG, DH, EI, 
each II to BE; then AB 
is divided into four equal parts. 

Dem. — Since ADH is a A, and AD is bisected in C, 
and CG is || to DH ; then (2) AH is bisected in G ; 
.*. AG = GH. Again, through C draw a line || to AB, 
cutting DH and EI in K and L ; then, since CD = DE, 
we have (2) CK = KL ; but CK = GH, and KL = HI ; 
.*. GH = HI. In like manner, HI = IB. Hence the 
parts into which AB is divided are all equal. 

This FropoBition may be enunciatod as a theorem as follows : — 
If one side of a A be ^vided into any number of equal parts, and 
through the points of division lines be drawn || to the base, these [j s 
will £yide iJie second side into the same number of equal parts. 
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Prop. 16. — If a line AB he divided into (ni + n) equal 
partSy and suppose AC contains m of these parts, and CB con- 
tains n of them. Then, if 
from the points A, C, B 
perpendiculars AD, CF, 
BE he let fall on any 
line, then mBE -h nAJD 
= (w + «) CF. 

Dem. — Draw BH 
II to £D, and through 
the points of division of 
ABimaginelines drawn 




to BH ; these lines will divide AH into w + « equal 
parts, and CG into n equal parts; .*. n times AH=(w + n) 
times CG ; and since DH and BE are each = GF, we have 
n times HD + m times BE = (w + «) times GF. Hence, by 
addition, n times AD + m times BE = (m + n) times CF. 

Def. — The centre of mean position of any number of 
points A, B, C, D, ^c, is a point which may he found 
as follows : — Bisect the line joining any two points AB 
in G, join Q[ to a third point in C, and divide GC in H, 
so that GH = -J- GC ; join H to a fourth point D, and 
divide HD in K, so that HK = iHD, and so on : the last 
point found will he the centre of mean position of the 
system of points. 

Prop. 17. — ^ there he any system of points A,B, C, D, 

lohose number is n, and if perpendiculars he let fall from 

these points on any line L, the sum of the perpendiculars 

from all the points on L is eqtuiln times the perpendicular 

from the centre of mean position. 

Dem. — Let the JLs be denoted by AL, BL, CL, &c. 
Then, since AB is bisected in G, we have (16) 

AL + BL = 2GL ; 

and since GC is divided into (1 + 2) equal parts in H, so 
that HG contains one part and HC two parts; then 
2GL + CL = 3HL ; 

.-. AL + BL + CL = 3HL, &c., &c. 
Hence the Proposition is proved. 
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Cor, — If from any number of points JLs be let fall on 
any line pasdiig through their mean centre, the sum of 
the JLs is zero. Hence some of the JLs mnst be nega- 
tive, and we have the sum of the JLs on the positive 
side equal to the sum of those on the negative side. 

Prop. 18. — We may extend the foregoing Definition as 
follows : — Let there he any system of points A, B, C, D, Sfc, 
and a corresponding system of multiples a, h, e, d, Sfc,, 
connected with them; then divide the line joining the points 
AB into {a+h) equal parts, and let AG contain h^ these 
parts, and 6B contain a parts. Again, join G toa third 
point C, and divide GO into {a + l + c) equal parts, and let 
GH contain c of these parts, and'KG the remaining parts, 
and so on ; then the point last found will he the mean 
centre for the system of multiples a, h, e, d, Sfc, 

From this Definition we may prove exactly the same 
as in Prop. 17, that if AL, !BL, CL, &c., be the Xs 
from the points A, B, G, &c., on any line L, then 

a , AL + i . BL + <? . CL + (?. DL + &c. 

-{a-\-h + o-\- d-\- &c.) times the JL from the centre of 
mean position on the line L. 

Dep. — If a geometrical magnitude varies its position 
continttously according to any law, and if it retains the 
same valtie throughout, it is said to he a constant ; hut if 
it goes on increasing for some time, and then hegins to 
decrease, it is said to he a maximum at the end of the 
increase : again, if it decreases for some time, and then 
hegins to increase, it is a minimum when it commences to 
increase. 

From these Definitions it will be seen that a maxi- 
mum value is greater than the ones which immediately 
precede and follow ; and that a minimum is less than 
the value of that which immediately precedes, and less 
than that which immediately follows. "We give here a 
few' simple but important Propositions bearing on this 
part of Geometry. 
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Prop. 10. — Through a given point P to draw a line 
which shall formy with two given lines CA, CB, a triangle 
of minimum area. 

Con. — TliroughP draw 
PD II to CB ; cut off AD 
= CD ; join AP, and pro- 
duce to B. Then AB is 
the line required. 

Dem. — ^Let RQ be any 
other line through P; 
draw AM || to CB. Now, because AD = DC, we 
have AP = PB ; and the As APM and QPB have the 
Z s APM, AMP respectively equal to BPQ, BCIP, and 
the sides AP and PB equal to one another ; .'. the 
triangles are equal ; hence the A APE is greater than 
BPQ : to each add the quadrilateral CAPQ, and we get 
the A CQR greater than ABC. 

Cor. 1. — The line through the point P which cuts 
off the minimum triangle is bisected in that point. 

Cor, 2, — If through the mid- a 
die point P, and through any 
other point D of the side AB of 
the A ABC we draw lines || to 
the remaining sides, so as to 
form two inscribed C3S CP, CD, 
then CP is greater than CD. 

Dem. — Through D draw 
QR, so as to be bisected in D ; 
then the A ABC is greater than CQR; but the czis 
are halves of the As; hence CP is greater than CD. 

A very simple proof of this Cor, can also be given by 
means of (xliii.) 

Prop. 20. — When two sides of a triangle are given in 
magnitude^ the area is a maximum when they contain a 
right angle. 

Dem. — Let BAC be a A having the Z A right ; 
with A as centre and AC as radius, describe a O ; 
take any other point D in the circumference; it is 
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evident the Prop, will be proved by showing that the 

A BAG is greater than BAD. 

Let fall the ± BE; then 

(xix.) AD is greater than 

I)E; .*. AC is greater than 

DE ; and since the base AB 

is common, the A ABC is 

greater than ABD. 

Cor, — If the diagonals of 
a quadrilateral be given in 
magnitude, the area is a mazimam when they are at 
right angles to each other. 

Prop. 21. — Given two points, A, B : it is required to 
find a point P in a given line L, so that AP + PB may he 
a minimum. 

Con. — Prom B let fall the ± BC on L; produce 
BC to D, and make CD = CB ; join AD, cutting L in 
P ; then P is the point 
required. 

Dem. — Join PB, and 
take any other point Q 
in L ; join AQ, QB, QD. 
Now, since BC = CD and 
OP common, and the /Is 
at C right Zs, we have 
BP=PD. In like maimer 
BQ=CID; to these equals 
add respectively AP and AQ, and we have AD = AP 
+ PB, and AQ + QD = AQ + QB ; but AQ + QD is 
greater than AD ; .•. AQ + QB is greater than AP + PB. 

Cor, 1. — ^The lines AP, PB, whose sum is a mini- 
mum, make equal angles with the line L. 

Cor, 2, — The perimeter of a variable A, inscribed in 
a fixed A, is a minimum when the sides of the former 
make equal Zs with the sides of the latter. For, sup- 
pose one side of the inscribed A to remain fixed while 
the two remaining sides vary, the sum of the varying 
sides will be a minimum when they make equal Zs 
with the side of the fixed triangle. 
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Cor, 3. — Of all polygOBS whose vertices lie on fixed 
lines, that of minimum perimeter is the one whose 
several angles are bisected externally by the lines on 
which they move. 

Prop. 22. — Of all triangles having the same hose and 
area, the perimeter of an isosceles triangle is a minimum. 

Dem. — Since the As are all equal in area, the vertices 
must lie on a line || to the base, and the sides of an 
isosceles A will evidently make equal Zs with this 
parallel ; hence their sum is a minimum. 

Cor. — Of all polygons having the same number of 
sides and equal areas, the perimeter of an equilateral 
polygon is a minimum. 

Prop. 23. — A large number ofdeducihles may he given 
in connexion with Euclid^ fig., Prop, xlvii. We insert a 
few here J confining ourselves to those that may he proved 
by the First Book. 

(1). The transverse lines AE, BK are ± to each 
other. Por, in the As ACE, BCK, which are in every 
respect equal, the Z E AC 
= BKC, and the Z AQO 
= KQC ; hence the angle 
AOQ = KCQ, and is .-. a r 
right angle. 

(2). AKCE=:DBr. 

Dem. — Produce KC, 
and let fall the ± EN. 
Now,theZACN = BCE, 
each being a right angle; 
.•.theZACB=:ECN,and 
ZBAC=ENC,eachbeing 
a right angle, and side 
BC = CE ; hence (xxvi.) 
EN = AB andCN = AC ; but AC = CK ; .-. CN= CK, and 
the A ENC = ECK (xxxviii.) ; but the A ENC = ABC ; 
hence the A ECK = ABC. In like manner, the 
A DBE = ABC ; .-. the A ECK = DBF. 

(3). EK» + ED» = 6BC». 

Dem.— EK» = EN» + NK« (xlvii.) ; 
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but EN = AB, and NK = 2AC ; 

therefore EK» = AB» + 4AC». 

In like manner 

rD» = 4 AB» + AC» ; 
therefore EK« + PD» = 5 (AB» + AC») = 5B(?. 

'4). The intercepts AQ, AB are equal. 
|5}. The lines CE, BK, AL are concurrent. 
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SECTION II. 

EXEBOISES. 

. 1. The line which bisects the vertical ^ of an isosceles A bisects 
the base perpendicularly. 

2. The diagonals of a quadrilateral whose four sides are equal 
bisect each other perpendicularly. 

3. If the line which bisects the vertical ^ of a A also bisects the 
base, the A is isosceles. 

4. From a given point in one of the sides of a A draw a right 
line bisecting the area of the A . 

5. The sum of the Is from any point in the base of an isosceles 
A on the equal sides is » to the 1 from one of the base angles on 
the opposite side. 

6. If the point be taken in the base produced, prove that the 
difference of the Xs on the equal sides is = to the X from one of 
the base an^es on the opposite side ; ^ and show that, having 
regard to the convention respecting the signs plus and minus, this 
theorem is a case of the last. 

7. If the base BC of a A be produced to D, the L between the 
bisectors of the ^ s ABO, ACD = half L BAO. 

8. The bisectors of the three internal angles of a A are con- 
current. 

9. Any two external bisectors and the third internal bisector of 
the angles of a A are concurrent. 

10. The quadrilaterals formed either by the four external or the 
four internal bisectors of the angles of any quadrilateral have their 
opposite Z. 8 BE two right L s. 

c 
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11. Draw a right line || to the hase of a A , so that 

(1). Sum of lower segments of sides shall be b to a giyen line. 
(2). Their difference shall be s to a giyen line. 
(3). The II shall be = sum of lower segments. 
(4). The II shall be = difference of lower segments. 

12. If two lines be respectiyely ± to two others, the L between 
the former is = to the L between the latter. 

13. If two lines be ree^tiyely j| to two others, the L between 
the former is = to the L between the latter. 

14. The A formed by the three bisectors of the external angles 
of a A is such that the lines joining its yertices to the Z. s of the 
original A will be its Xs. 

16. From two points on opposite sides of a giyen line it is 
required to draw two lines to a point in the line, so that their 
difference will be a maxiTTnim. 

16. State the conyerse of Prop. zyii. 

17. Giye a direct proof of Prop. six. 

18. Giyen the lengths of the bisectors of the three sides of a A : 
construct it. 

19. If from any point Is be drawn to the three sides of a A , 
proye that the sum of the squares of three alternate segments of 
the sides = the sum of squares of the three remaining segments. 

20. Proye the following theorem, and iofer from it Prop.zlyii. : 
If CQ, GP be OS described on the sides GA, GB of a A, and if 
the sides i| to GA, GB be produced to meet in B, and RG joined, 
a CH described on AB with sides = and |j to RG shall be = to the 
sum of the Os GQ, GP. 

21. If a square be inscribed in a A , the rectangle under its side 
and the sum of base and altitude = twice the area of the A . 

22. If a square be escribed to a A, the rectangle under its 
side and the difference of the base and altitude s twice the area 
of the A . 

23. Giyen the difference between the diagonal and side of a 
square : construct it. 

24. The sum of the squares of lines joining any point in the 
plane of a rectangle to one pair of opposite angular ^ints = sum 
of the squares of the lines drawn to the two remaining angular 
points. 

26. If two lines be giyen in position, the locus of a point equi- 
distant from them is a right line. 

26. In the same case the locus of a point, the sum or the differ- 
ence of whose distances from them is giyen, is a right line. 
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27. Giyen the sum of tlie perimeter and altitude of an equi- 
lateral A : construct it. 

28. Given the sum of the diagonal and two sides of a square : 
construct it. 

29. From the extremities of the base ^ s of an isosceles A 
right lines are drawn X to the sides, prove that the base Z. s of the 
A are each » half the L between the J.s. 

30. The line joining the middle point of the hypotenuse of a 
right-angled triangle to the right angle is = half the hypotenuse. 

81. The lines joining the feet of the Is of a A form an in- 
scribed A whose perimeter is a minimum. 

82. If from the extremities A, B of the base of a A ABC ±s 
AD, B£ be drawn to the opposite sides, prove that 

ABa=:AO.AE + BC.BD. 

33. If A, B, C, D, &c.y be any number (») of points on a line, 
and their centre of mean position ; then, if P be any other point 
on the line, 

AP + BP + CP + DP + &c. = «0P. 

34. If 0, 0' be the centres of mean position for two systems ot 
collinear points, A, B, 0, D, &c.y A,' B/ 0/ D/ &c., eadi system 
having the same number (n) of points ; then 

«00' = AA' + BB' + CC + Diy + &c. 

36. If G be the point of intersection of the bisectors of the 
^ s A, B of a A , right-angled at 0, and GD a J. on AB ; then, 
the rectangle AD . DB = area of the A . 

36. The sides AB, AC of a A are bisected in D, E ; CD, BE 
intersect in F : prove A BFG = quadrilateral ADFE. 

37. If lines be drawn from a fixed point to all the points of the 
circumference of a given O, the locus of all their points of bisec* 
tion is a O. 

38. Show by drawing || lines how to construct a A s to any 
given rectilineal figure. 

39. ABCD is a O : show that if B be joined to the middle 
point of GD, and D to the middle point of AB, the joLoing lines 
wiU trisect AG. 

40. The equilateral A described on the hypotenuse of a right- 
angled A = sum of equilateral A 8 described on the sides. 

41. If squares be described on the sides of any A, and the 
adjacent comers joined, the three As thus formed are equal. 

c2 
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42. If AB, CD be opposite sides of a O, F any point in its 
plane; then A PBO = sum or difference of the As CDP, ACP, 
accor^g as P is outside or between the lines AG and BD. 

43. If equilateral A s be described on the sides of a right-angled 
A whose hypotenuse is given in magnitude and position, the locus 
of the middle point of the line joining their vertices is a O . 

44. If CD be a ± on the base AB of a right-angled A ABO, and 
if £, F be the centres of the Os inscribed in the As AGD, BCD, 
and if EG, FH be lines through E and F || to CD, meeting AC, 
BC in G, H; then CG = CH. 

45. If A, B, C, D, &c., be any system of coUinear points, 
their mean centre for the system of multiples a, b, e, d, &c. ; then, 
if P be any olher point in the line, 

(« + *+tf + rf+&c.)OP = a.AP + J.BP+tf.CP + rf.DP + &c. 

46. If 0, 0' be the mean centres of the two systems of points 
A, B, C, D, &c.. A', B', C'f D', &c., on the same line L, for a 
common system of multiples a, b, e, d, &c, ; then 

(a + ^ + tf + rf+&c)00'=».AA' + *.BB'+tf.CC'+rf.OO'+&c. 
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SECTION I. 

ADDinoirAL FBOPOsmoirs. 

Prop. 1. — IfK'bG he an isosceles triangle, whose equal 
sides are AC, BC ; and if CD he a line dratonfrom C to any 
point D in the base AB ; 
MiwAD.DB=BC»-CD». 

Dem. — Let fall the J. 
CE; then AB is bisected 
in E and divided un- 
equally in I) ; 

therefore AD . DB + ED» = EB» ; 

adding to each side EC ; 

therefore AD . DB + CD» = BC» ; (I. xlvii.) 

therefore AD . DB = BC» - CD». 

Cor, — If the point be in the base produced, we shall 
have AD . BD = CD» - CB». li we consider that DB 
changes its sign when D passes through B, we see 
that this case is included in the last. 

Prop. 2. — ijT ABC he any triangle^ D the middle point 
of AB, then AC» + BC = 2AD« + 2DC. 




22 A SEQUEL TO EUCLID. 

Dem.— Let fall the ± EC. 

AC» = AD» + DC» + 2AD .DE; (xii.) 

BC» = BI)» + DC - 2DB . DE. (xiii.) 

Hence, by addition, since AD » DB, 

ACP + BC» = 2AB« + 2DC«. 

This is a simple case of a very general Prop., which we shall 
prove, on the properties of the centre of mean position for any 
system of points and any system of multiples. Tha Props, ix. 
and X. of the Second Book are particular oases of this Prop., viz., 
when the point is in the line AB or the line AB produced. 

Cor, — If the base of a A be giyen, both in magnitude 
and position, and the sum of the squares of the sides 
in magnitude, the locus of the vertex is a O . 

Prop. 3. — The mm of the squares of the diagonals of a 
parallelogram is equal to the 
sum of the squares of its four 
sides, 

Dem.— Let ABCD be the 
c=3. Draw CE || to BD ; 
produce AD to meet CE. 
Now, AB = BC (xxxiv.), and DE =BC ; .-. AD = DE ; 
hence (2) AC? + CE' = 2AD» + 2DC» ; but CE« = BD» ; 
.-. AC» + BD» = 2AD» + 2DC* = sum of squares of the 
four sides of the parallelogram. 

Prop. 4. — The sum of the 
squares of the four sides of a 
quadrilateral is equal to the sum 
of the squares of its diagonals 
plus four times the square of the 
line joining the middle points 
of the diagonals. 

Dem.— Let ABCD be the 
quadrilateral, E, F the middle points of the diagonals. 

Now, in the A ABD, AB» + AD* = 2Ar« + 2EB», (2) 

and in the A BCD, BC» + CD» = 2Cr» + 2rB» ; (2) 

therefore AB» + BC»+CD»+DA»=i2(AE» + CP) + 4FB* 

= 4AE» + 4Er» +4rB» = AC +BD» + 4Er». 
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Prop. 5. — Three times the sum of the sqtMres of the 
sides of a triangle is equal to four times the sum of the 
squares of the lines bisecting the sides of the triangle, 

Dem. — Let D, E, F be the middle points of the sides. 

Then AB»+ AC = 2BD' + 2DA» ; (2) 

therefore 2AB» + 2AC' = 4BD» + 4DA» ; 

that is 2AB» + 2AC« = BC» + 4DA^ 

Similarly 2BC» + 2B A» = CA^ + 4EB2 ; 

and 2CA» + 2CB» = AB» + 4FC^ 

Hence 3(AB» + BC» + CA») = 4(AD2 + BE» + CP). 

Cor. If G be the point of intersection of the bisec- 
tors of the sides, SAG = 2 AD ; hence 9AG^ = 4 AD' ; 

/. 3(AB« +BC» + CA«) = 9(AG2 + BG*+ CG^) ; 
.-. (AB8 + BCP + CA*) = 3 (AG» + BG» + CG^). 

Prop. 6. — The rectangle contained hy the sum and 
difference of two sides of a triangle is equal to twice the 
rectangle contained hy the base, and the intercept between 
the middle point of the base and the foot of the perpendi- 
cular from the vertical angle on the base (see Eig., Prop. 2). 

Let CE be the JL and D the middle point of the 
base AB. 

Then AC' = AE» + EC, 

and BC = BE»+EC»; 

therefore, AC - BC = AE' - EB» ; 

or (AC + BC)(AC - BC)=(AE + EB)(AE - EB). 

Now, AE + EB=AB, and AE - EB = 2ED ; 

therefore (AC + BC) ( AC - BC) = 2AB . ED. 

Prop. 7. — JfA, B, C, D be four points taken in order on 
a right line, then AB . CD a b c d 
+BC.AD = AC.BD. ' ' ■ ' 

Dem.— Let AB = a, BC = *, CD = ^ ; then AB . CD 
+ BC.AD = ac+*(«+* + ^) = (« + *)(* + <?) = AC. BD. 

This theorem, which is due to Euler, is one of the 
most important in Elementary Geometry. It may be 
written in a more symmetrical form by making use 



24 



A SEQUEL TO EUCLID. 




of the coBventioii regarding plus and minuB : thus, since 
+ AC = - CA, we get 

AB . CD + BC . AD = - CA . BD, 
or 

AB.CD + BC.AD+ CA.BD«o. 

Prop. 8. — Ifperpendiculm'8 he drawn from the angular 
points of a square to any line, the sum of the squares of 
the perpendiculars from one pair of 
opposite angles exceeds twice the 
rectangle of the perpendiculars from 
the other pair of opposite angles hy 
the area of the square. 

Dem. — Let ABCD be the 
square, L the line; let fall the 
±8 AM, BN, CP. DQ, on L: 
through A draw EF || to L. Now, j; — n — m" 
since the Z BAD is right, the sum * 

of the Zs BAE, DAF = one right Z, and .•. = to the 
sum of the Zs BAE, ABE; .-. Z ABE = DAT, and 
Z E = E, and AB = AD ; .-. AE = DF. 

Again, put AM = a, BE = *, DF = c. The four ±s 
can be expressed in terms of a, h, e. For BN = a + h, 
DQ ^a -k- c\ and since is the middle point both of 
AC and BD, we have BN + DQ = AM + CP, each being 
= twice the-Lfrom 0. Hence (« + i) + (a + (?) = a + CP ; 

therefore CP = (a + i + c), 

Kow, BN« + DQ»-2AM.CP = («+J)2 + (a+c)» 
-2«(« + * + <?) = i» + c2=BE* + DF». 
= BE» + EA» = BA» = area of square. 

Prop. 0. — If the base AB C 

of a triangle he divided in D, 
so that mAD = nDB ; then 
wAC + «BC» = wAD» + nBD* 
+ («» + «) CD«. 

Dem.— Let fall the ± CE; 
then 




wAC» = m(AD» + DC» + 2AD . DE) ; 
nB(P = n rBD» + DC» - 2DB . DE). 



(xiu.) 
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NotTy Bince mAD s nDB, we have 

i»(2AD . DE) = «(2DB . DE). 

Hence, by addition, the rectangles disappear, and we get 

jnAC» + nBC» = mAD» + nBD» + lm-{-n) CD\ 

Cor. — If the point D be in the line AB produced, 
and if mAJ) = nBD, we shall have 

mAC - nBCP = mAD» - nDB» + («i - «)CI)». 

This case is included in the last, if we consider that 
BB changes sign when the point I) passes through B. 

Prop. 10. — If A, B, C, D, &c., he any system of n 
poinUf their centre of mean position^ P any other 
point, the sum of the squares of the distances of the points 
A, B, G, D, &c., from P exceeds the mm of the squares 
of their distances from hy »0P. 

Dem. — ^For the sake of simplicity, let us take four 
points, A, B, C, B. The method of proof is perfectly 
general, and can be extended to any number of points. 
Let M be the middle point of AB ; join MC, and divide 
it in NC, so that MK 
= JNC; join ND, and 
divide in 0, so that NO 
aiOB; then is the 
centre of mean position 
of the four points A, B, 
C, D. 

Now, applying the 
theorem of the last 
article to the several 
As APB, MPC, NPD, we have 

AP» + BP= AM» + MB»+2MP»; 
2MP + CF» = 2MN» + NC + 3NF; 
8NP + DP « 3N0» + 0D» + 40F. 

Hence, by addition, and omitting terms that cancel on 
both sides, we get 

AP +BP» + CP + DP = AM* + MB» 
+ 2MN» + NC» + 3N0» + 0D» + 40P. 




26 A SEQUEL TO EUCLID. 

Now, if the point P coincide with 0, OP vaniahes, and 
we have 

A0» + B0» + C0» + D0» =. AM» + MB» 
+ 2MN» + NC» + 3N0» + 0D» ; 
therefore, AP + BP» + CP + DP» 
exceeds A0» + BO' + C0» + D0» by 40P. 

Cor, — If be the point of intersection of bisectors 
of the sides of a A, and P any other point ; then 

AP + BP + CP* = A0» + B0» + 002 + 30P2 .. 

for the point of intersection of the bisectors of the sides 
is the centre of mean position. 

Prop. 11. — The last Proposition may he generalized 
thus: if Ky B, C, D, &c., he any system of points, their 
centre of mean position for any system of multiples a, h, 
c, d, &c.| then 

a . AP' + i . BP + tf . CP + <?. DP, &c., 

exceeds a . A0» + h . B0» + o.CO^ + d. DOS &c., 

by {a-\-h + e + d, &c.) OP. 

The foregoing proof may evidently be applied to this 
Proposition. The following is another proof from 
Townsend's Modem Geometry: — 

Prom the points A, B, 0, D, &c., let fall ±s AA', 
BB', CC, DD', &c., on the line OP ; then it is easy to 
see that is the centre of mean position for the points 
A', B', C, D', and the system of multiples a, h, o, d, &c. 

Now we have by Props, xii., xiii.. Book n., 

AP = A0» + OP + 2 A'O . OP; 
BP = B0» + OP + 2B'0 . OP ; 
CP = C0» + OP + 2C'0 . OP ; 
DP» = D0» + OP + 2D'0 . OP, &c. ; 

therefore, multiplying by a, h, e, d, and adding, and 
remembeiing that 

a . A'O + 3 . B'O + tf . CO + (? . D'O + &c. = (see I., 18), 
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we get 

a.AF + 5.BP' + (^.CP« + <^.DP^ &c., 

= a. AO* + 3 . BO* + tf . C0» + d.DO^ + &c., 
+ {a + h-hc + d, &c.)OF. 

This Proposition evidently includes the last. 

Cor. 1. — ^The loons of a point, the sum of the squares 
of whose distances from any number of given points, 
multiplied respectively by any system of constants 
a, h, c, d, is a circle, whose centre is the centre of 
mean position of the given points for the system of 
multiples a, 5, o, d. 

Cor. 2. — The sum of the squares for any system of 
multiples will be a minimum when the lines are drawn 
to the centre of mean position. 

Prop. 13. — IVom the Propositions vi. and ix. it follows 
that J if a line is divided into any two parts, the rectangle 
of the parts is a maximum, and the sum of their squares 
is a minimum, when the parts are equal. 

Cor. — If a line be divided into any number of parts, 
the continued product of all the parts is a maximum, 
and the sum of their squares is a minimum when they 
are all equal. For if we make any two of the parts 
unequal, we diminish the continued product, and we 
increase the sum of the squares. 



SECTION II. 

EXEBCISES. 

1. The second and third Propositions of the Second Book are 
special cases of the First. 

2. Prove the fourth Proposition by the second and third. 

3. Prove the sixth by the fifth, and the tenth by the ninth. 

4. If the ^ C of a A ACB be i of two right L s, prove 

AB2 = AC« + CB2 - AC . CB. 

5. If C be } of two right L B, prove 

AB» = AC* + CB2 + AC . CB. 
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6. In a quadrilateral the sum of tlie squareB of two opposite 
sides, together with the sum of the squares of the diagonals, is equal 
to ^e siun of the squares of the two remaining sides, togeUier with 
four times the square of the line joining their middle points. 

7. Divide a given line AB in C, so that the rectangle under BC 
and a given line may be equal to the square of AC. 

8. Being given the rectangle contained by two lines, and the 
difference of their squares : construct them. 

9. Produce a given line AB to C, so that AC . CB is equal to the 
square of another given line. 

10. If a line AB be divided in C, so that AB . BC = AC^ prove 
AB» + BC» = 3AC», and (AB f BC)"- = SAC^. 

11. In the fig. of Prop. xi. prove that — 

(1). The lines GB, DF, AK, are parallel. 

(2). The square of the diameter of the O about the A FHK 
= 6HB?. 

(3). The square of the diameter of the Q about the A FHD 
= 6FD2. 

(i). The square of the diameter of the O about the A AHD 
BB 6AH • 

(6). If the lines EB, CH intersect in J, AJ is 1 to CH. 

12. If ABC be an isosceles A, and DE be || to the base BC, 
and BE joined, BE^ - CE* = BC . DE. 

13. If squares be described on the three sides of any A, and 
the adjacent angular points of the squares joined, the sum of the 
squares of the three joining lines is equal to three times the sum 
of tibie squares of the sides of the triangle. 

14. Given the base AB of a A , both in position and magnitude, 
and mAC^ - nBC^ : find the locus of C. 

16. If from a fixed point P two lines PA, PB, at right angles 
to each other, cut a given in the points A, B, the locus of the 
middle point of AB is a O. 

16. If CD be any line || to the diameter AB of a semicircle, and 
il P be any point in AB, then 

CP2 + PD« = AP2 + PB«. 

17. If be the mean centre of a system of points A, B, C, D, 
&c., for a system of multiples a, b, r, d, &c. ; then, if L and M 
be any two || lines, 

36(a. AL«) - S(a . AM«) = 5 (a) . (0L« - 0M«). 
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Addixional Pboposiiions. 



Prop. 1. — The two tangents drawn to a circle from any 
external point are equal, 

Dem. — Let PA, PB be the tan- 
gents, the centre of the O. Join 
OA, OP, OB ; then 




OP = 0A« + AP, 
OP = 0B» + BP ; 

but 0A» = 0B» ; .-. AP» = BP, and 
AP = BP. 

^ Prop. 2. — If two circles touch at a point P, and from 

P any two lines PAB, PCD he 

drawn, cutting the circles in e^ 

the points A, B, C, D, the lines 

AC, BD joining the points of 

section are parallel. 

Dem. — ^At P draw the 
common tangent PE to both 
Os ; then 

ZEPA=PCA; (xxxii.) 

ZEPB=PDB. 

Hence Z PCA = PDB, and AC is || to BD. (I. xxiii.^ 

Cor. — If the angle APC be a right angle, AC and 

BD wHl be diameters of the Os, and then we have the 
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following important theorem. The lines drawn from 
the point of contact of two touching circles to the ex- 
tremities of any diameter of one of them, will meet 
the other in points which will be the extremities of a 
parallel diameter. 

Prop. 3. — If two circles touch at P, and any line PAB 
cut both circles in A and B, the tangents at A and B are 
parallel. 

Dem. — ^Let the tangents at A and B meet the tan- 
gents at P in the points E and F. 

Kow, since AE = EP (1), the Z APE = PAE. In 
like manner, the Z BPF = PBF ; .-. Z PAE = PBF, 
and AE is || to BF. 

This Prop, may be inferred from (2), by supposing 
the lines PAB, PCD to approach each other indefinitely ; 
then AC and BD will be tangents. 

Prop. 4. — ^ two circles touch each other at any point 
Pf and any line cut the circles in 
the points A, B, C, D; then the ^ ^ 

anyle APB = CPD. 

Dem. — ^Draw a tangent PE 
at P ; then 

Z EPB = PCB ; (xxxii.) 
Z EPA = PDA. 

Hence, by subtraction; Z APB 
= CPD. 

Prop. 5. — ^ a circle touch a semicircle in D and its 
diameter in P, and PE he per- 
pendicular to the diameter afP, 
the square on PE is equal to 
twice the rectangle contained 
hy the radii of the circles. 

Dem. — Complete the circle, 
and produce EP to meet it 
again in G. Let C and F be the 
centres ; then the line CF will 
pass through D. Let it meet 
the outside circle again in H. 
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Now, EF . FG = DF . FH (xxxv.), and PP = DF». 
Henee; by addition, making use of II. v., and II. iii., 
EP* = DF . DH = twice rectangle contained by the 
radii. 

Prop. 6. — If a circle PGD touch a circle ABC in D 
and a chord AB in P, and if 
EF be perpendicular to AB 
at its middle point, and at 
the side opposite to that of 
the circle PGD, the rectangle 
contained hy EF and the dia- 
meter of the circle'POtDis equal a\ 
to the rectangle AP . PB. 

Dem. — ^Let PG be at 
right Zs to AB, then PG 
is the diameter of the O 
PGD. Join DG, DP, and 
produce them to meet the O ABC in C and F ; then CF is 
the diameter of the O ABC, and is || to PG (2) ; .-. CF 
is X to AB ; hence it bisects AB in E (iii.)* Through 
F draw FH || to AB, and produce GP to meet it in H. 

Now, since the Zs H and D are right Zs, a semicircle 
described on GF will pass through ^e points D and H. 

Hence HP.PG = FP .PD = AP . PB; (xxxv.) 
but HP = EF; .-. EF . PG = AP . PB. 

This Prop, and its Demonstration will hold true when 
the Os are external to each other. 

Cor, If AB be the diameter of the O ABC, this 
. Prop, reduces to the last. 

Prop. 7. — To draw a common tangent to two circles. 

Let P be the centre 
of the greater O, Q 
the centre of the less, 
with P as centre, and 
a radius = to the dif- 
ference of the radii 
of the two Os : de- 
scribe the O IGH; 
from Q draw a tangent to this O, touching it at H. 
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Join PH, and produce it to meet the circumference of 
the larger O in E. Draw QF || to PE. Join EF, 
which will be the common tangent required. 

Dem. — The lines HE and QF are, from the construc- 
tion, equal ; and since they are ||, the fig. HEFQ is a cu; 
.-. the Z PEF = PHG = right angle ; .-. EF is a tangent 
at E ; and since Z EFQ == EHQ = right angle, EF is a 
tangent at F. The tangent EF is called a direct com- 
mon tangent. 

If with P as centre, and a radius equal to the sum 
of the radii of the two given Os, we shall describe a 
O, we shall have a common tangent which will pass 
between the Os, and one which is called a transverse 
common tangent. 

Prop. 8. — ^a line passing through the centres of two 
circles cut them in the points A, £, C, D, respectively ; 
then the square of their direct common tangent is equal 
to the rectangle AC . BD. 

Denx. — We have (see last fig.) AI = CQ; to each add 
IC, and we get AC = IQ. In like manner, BD = GQ. 
Hence AC . BD = IQ . QG = EP. 

Cor. 1. — If the two Os touch, the square of their 
common tangent is equal to the rectangle contained by 
their diameters. 

Cor. 2. — ^The square of the transverse common tan- 
gent of the two Os B AD . BC. 

Cor. S.—U ABC be 
a semicircle, PE a X 
to AB from any point 
P, CQD a O touch- 
ing PE, the semicircle 
ACB, and the semi- 
circle on PB ; then, if 
QR be the diameter 
of CQD, AB . QR = EP». 

Dem. PB . QR = PQS ( Cor. 1) 

AP.QR = EP-PQ»; (6) 

therefore, by addition, AB . QR = EP». 

Cor. 4. — ^If two Os be described to touch an ordi- 
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nate of a semicircle, the semicircle itself and the semi- 
circles on the segments of the diameter, they will he 
equal to one another. 

Prop. 0. — In equiangular triangles the rectangles under 
the non-eorreeponding sides about 
equal angles are equal to one another. 

Dem. — Let the equiangular As 
he ABO, DCO, and let them he 
placed so that the equal Zs at 
may he vertically opposite, and 
that the non-corresponding sides 
AO, CO may he in one right line, 
then the non-corresponding sides 
BO, OD shall he in one right line. Now, since the 
Z ABD = ACD, the four points A, B, C, J) are con- 
cyclic (in the circumference of the same O). Hence 
the rectangle AO • OC = rectangle BO . OD. (xxxv.) 

Prop. 10. — The rectangle contained hy the perpendi- 
culars from ang point in the cir^ 
cumference of a circle on two tan" 
gents AC, BC, is equal to the square 
of the perpendicular from the same 
point on their chord of contact AB. 

Dem.— Let the ±she OD, OE, 
OF. Join OA, OB, EF, DF. Kow, 
since the Zs ODB, OFB, are right, 
the quadrilateral ODBF is in- 
scrihed in a O. Li like manner, 
the quadrilateral OEAF is in- 
scrihed in a O. Again, since BC 
is a tangent, the Z DBO = BAO 
(xxxii.) ; hut DBO = DFO (xxi.) ; 
and FAO = FEO ; .-. Z DFO = FEO. In like manner, 
Z ODF = EFO ; hence the As ODF, FEO are equi- 
angular, and .*. the rectangles contained hy the non- 
corresponding sides ahout the equal Zs DOF, FOE, 
are equal (9). Hence OD . OE = OP. 

Prop. 11. — If from any point in the circumference of 
a circle perpendiculars he drawn to the four sides, and to 
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the diagonals of an insorihed quadrilateral^ the rectangle 
contained hy the perpendiculare on either pair of opposite 
is equal to the 




rectangle contained hy 
the perpendiculars on 
the diagonals, 

Dem.— Let OE, OP 
be the JLs on the oppo- 
Bite sides AB, CD ^Oa, 
0H| the JLs on the 
diagonals. Join EGF, 
PH, OA, OD. Kow, 
as in the last Prop., we 
see that the quadrila- 
terals AEOa, pPOH, 
are inscribed in Os. 
Hence ZOEa = AG, 
and OHP = ODP. Again, since AODC is a quadri- 
lateral in a 0, the Z OAC + ODC = two right Zs 
(xxii.) = ODC + ODP ; .-. the Z OAC = ODP. Hence 
the Z OEa = OHP. In Uke manner, the Z OGE 
t= OPH. Hence the Z s OEG, OHP are equiangular, 
and the rectangle OE . OP = the rectangle OG . OH. 

Cor, 1. — The rectangle contained by the ±b on one 
pair of opposite sides is equal to the rectangle contained 
by the -L s on the other pair of opposite sides. This may 
be proved directly, or it follows at once from the theorem 
in the text. 

Cor. 2. — If we suppose the points A, B, to become 
consecutive, and also the points C, D, then AB, CD 
become tangents ; and from the theorem of this Article 
we may infer the theorem of Prop. 10. 

Prop 12. — The feet D, E, P of the three perpendiculars 
let fall on the sides of a triangle ABC, from any point P in 
the circumference of the circumscribed circle, are collinear. 

Dem.— Join PA, PB, DP, EP. As in the Demonstra- 
tions of the two last Propositions, we see that the qua- 
drilaterals PBDP, PPAE are inscribed in ©s ; .-. the 
Z s PBD, PPD are = two right Z s (xxii.), andZ s PBD, 
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PAC, are = two right Zs (xxii.) ; .-. Z PFD = PAC ; 
and since PFAE is a quadri- 
lateral in a circle, the Z EAP 
= EFP ; .-. PFD + PFE = PAC 

+ PAE = two right Z 8. Hence 
the points D, F, E, are coUinear. 

' Cor, 1. — ^If the feet of the 
±8 drawn from any point P 
to the sides of the A ABC be 
collinear, the locns of P is the 
O described about the triangle. 

Cor. 2. — If four lines be given, a point can be found 
such, that the feet of the 
four ±8 from it on the lines 
will be coUinear. For let the 
four lines be AB, AC, DB, 
DF. These lines form four 
As. Let the O s described 
about two of the As — say 
AFE, CDE— intersect in P ; 
then it is evident that the 
feet of the Xs from P on 
the four lines will be coUinear* 

Cor. 3.— The Os described about the As ABC, DBF, 
each passes through the point P. This f oUows because 
the feet of the ±s from P on the sides of these As are 
coUinear. 

Prop. 18. — Ifthep0rpindicular9 of a triangle he prO" 

dueed to meet the drcumferenee of ^ ^J 

the circumscribed circle, the parts of 
the perpendiculars intercepted he- 
tween their point of intersection and 
the circumference are bisected by the 
sides of the triangle. 

Let AD, CF intersect in ; pro- 
duce CF to meet the O in G; tiien 

OF = Fa. 

Dem.— TheZ AOF = COD (I. xv.) and AFO = ODO, 

d2 
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each being right; .-. FAO = OCD ; but OCD = GAP 
(xxi.) ; .-. FAO = FAG, and AFO = AFG, each beijig 
right, and AF common. Hence OF = FG. 

Prop. 14. — The line joining any point P, in the cir^ 
eumference of a circle, to the point of intersection of the 
perpendiculars of an inscribed triangle, is bisected by the 
line of collinearity of the 

feet of the perpendiculars / 

from P on the sides of the 
triangle. 

Let P be the point ; PH, 
PL two of the JLs from 
P on the sides ; thus HL 
is the line of collinearity 
of the feet of the JLs from 
P on the sides of the A . 
Let CF be the ± from C 
on AB; produce CF to 
G, and make OF = FG ; 
then is the point of 

intersection of the Xs of the A. Join OP, intersecting 
HL in I : it is required to prove that OP is bisected in I. 

Dam. — Join AT, PG, and let PG intersect HL in K, 
and AB in E. Join OE. Now, since APLG is a quadri- 
lateral in a O, the Z PHK = PAC = PGC = HPK ; 
.-. PK = ES. Hence KH = KE, and PK = KE. 
Again, since OF = FG, and FE common, Z GEF = OEF ; 
but GEF = KEH = KHE ; .-. Z OEF = KHE ; .-. OE 
is |{ to KH ; and since EP is bisected in £, OP is bi- 
sected in I. 

Cor, — If X, Y, Z, "W be the points of intersection 
of the ±s of the four As AFE, CDE, ABC, DBF 
(see fig., Cor. 2, Prop. 12), then X, Y, Z, W are col- 
linear. For let L denote the line of collinearity of the 
feet of the JLs from P on the sides of the four As. 
Join PX, PY, PZ, PW. Then, since L joins tlie 
points of bisection of the sides of the A PXY, the 
line XY is || to L. Similarly, YZ, ZW are each || to 
L. Hence XY, YZ, ZW form one continuous line. 
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Prop. 16. — Through one of the points of intersection of 
two given circles to draw a line, the sum of whose segments 
intercepted ly the circles 
shall he a maximum* 

Analysis. — Let the O s 
intersect in the points P, 
B, and let APB be any 
line through P. From 
0. 0', the centres of the 
Os, let fall the ±s OC, 
O'D, and draw O'E || to 
AB. No w, ' it is evident 
that AB = 2CD = 2(yE ; and that the semicircle de 
scribed on 00' as diameter will pass through E. Hence 
it follows that if AB is a maximum, the chord O'E 
will coincide with 00'. Therefore AB must be || to 
the line joining the centres of the Os. 

Cor, 1. — If it were required to draw through P a 
line such that the sum of the segments AP, PB may be 
equal to a given line, we have only to describe a O 
from 0' as centre, with a line equal half the given line 
as radius ; and the place where this O intersects the O 
on 00' as diameter will determine the point E \ and 
then through P draw a || to O'E. 

Bef. — A triangle is said to he given in species when 
its angles are given. 

Prop. 16. — To descrihe a triangle of given species 
whose sides shall pass through three given points, and 
whose area shall he a maximum. 

Analysis. — Let A, B, C be the given points, DEF 
the required A ; then, since the triangle DEF is given 
in species, the Z s D, E, F are given, and the lines AB, 
BC, CA are given by hypotheses; .•. the ©s about the 
Z^.8 ABF, BCD, CAE are given. These three Os will 
intersect in a common point. For, let the two first in- 
tersect in 0. Join AO, BO, CO ; then Z AFB + AOB = 
tworightZs; andBGD + BOCstworightZs; .'.theZs 
AFB, BDC, AOB, COB = four right Zs, and the Zs 
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AOB, BOO, COA = four right Zs; .*. the Z COA 
= AFB + BDC : to each 
add the Z CEA, and we 
have the Z COA + CEA 

a sum of the three Zs of 
the ^ DEF, that is = two 
right Zs ; .•. the qua- 
drilateral AECO is in- 
scribed in a O . Hence the 
three Os pass through 
a common point, which 
is a given point. 

Again, since the area 
of the A DEF is a maxi- 
mum, each of its sides is a maximum. Hence (15) we 
have to draw through the point A a line || to tho line 
joining the centres of the Os AlBF, G£LA ; that is, a 
line -L to AO, and join its extremities E, F to the 
points C, B, respectively. 

Cor. — ^If instead of the maximum A we require to 
describe a A whose sides will be equal to three given 
lines, the method of solving the question can be inferred 
from the corollary to the last Proposition. 

Prop. 17. — To describe in a given triangle DEF (see 
last fig.) a triangle given in species whose area shall he a 
fntnitnum. 

Analysis. — Let AlBC be the inscribed A ; decribe Os 
about the three As ABF, BCD, GAE ; then these Os 
will have a common point : let it be 0. "We prove this 
to be a given point as follows : The Z FOE exceeds 
the Z FDE by the sum of the Zs DFO, DEO ; that is, 
by the sum of the Zs BAO, CAO. Hence the Z FOE 
= FDE + BAG; .-. the Z FOE is given. In like 
manner, the Z EOD is given. Hence the point will 
be the point of intersection of two given Os, and is 
.*. given ; and, since E and F are given points, the 
Z OFE is given ; .*. the Z OB A is given. In like 
manner, the Z GAB is given; .*. A OAB is given 
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in species. Now, since the A ABC is a minimnm, the 
side AB is a minimum ; .*. OA is a minimum ; and 
since is a given point, OA must be -L to EF. Hence 
the method of inscribing the minimum A has been 
found. 

Cor. — ^From the foregoing analysis the method is 
obvious of inscribing in a given A another A whose 
sides shall be lespectively equal to three given right 
lines. 

Prop. 18. — If ABC he a trianghy and, CD a perpen- 
dicular to AB ; then if AE = DB, it is required to prove 
that AB is the minimum 
line that can he drawn 
through E, meeting the two 
fixed lines AB, BC. 

Dem. — ^Describe a O 
about the A ABC; pro- 
duce CD to meet it in L, 
and erect EK J. to AB. 
Join AK, BK. Through 
E draw any other line F& ; 
draw KO ± to FG, and 
produce it to meet AB in H ; through H draw Jl || to 
F(i. Join JK, IK, CK, KL. ^ow, since AE = DB, it 
is evident that EK = DL. Hence EX is || to AB ; 
the Z KLC = ADC, and is consequently a right Z ; 




'. EC is the diameter of the 



the Z KBC is 



right, and the Z KHI is right ; .*. KHIB is a quadri- 
lateral inscribed in a circle ; .*. the Z KIH = KBA. 
in like manner, the Z KJU » KAB; .*. the As UK 
and BAK are equiangular; and since IK is greater 
than KB (the Z IBK being right), it follows that U is 
greater than AB ; but FG is evidently greater than IJ ; 
,\ mucli more is FG greater than AB. Hence AB is 
the minimum line that can be drawn through £. 

if in the f ore^ing tig. the line BA receive an infinitely small 
tthange ol position, namely, B along BC, and A along AC ; then 
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it is ^ain the motions of B and A would be the same as if 4he 
A Jl£B got an infinitely small turn round the point K, which 
remains fixed : on this account the point £ is called the centre of 
instantaneous rotation for the Une AB. 

This PropoBition admits of another demonstratioii, as 
follows : — Through the points A, B draw the lines AM, 
BM II to BC, AC ; then ME is evidently ± to AB ; let 
faU the ± MI^ on FG ; join AG, MG ; then the A FMG 
is plainly p:reater than A AGM ; but A AGM = A ABM; 
.*. A FGM is greater than A ABM, and its ± MN is 
less than ME, the X of A A MB ; hence the base FG 
is greater than the base AB. 

Prop. 10. — jy OC, OD he any two lines, AB any arc 
of a circle, or of any other curve convex to ; then, of all 
the tangents which can he drawn to AlB, tha;t whose inter^ 
cept is hisected at the point of contact cuts off the mini- 
mum triangle. 

Dem. — Let CD be bisected at P, and let EF be any 
other tangent. Then through P draw GH || to EF ; 
then, since CD is bisected in P, the A cut off by CD 
is less than the A 
cut off by GH 
(L 19); but the A 
cut off by GH is 
less than the A 
cut off by EF. 
Hence the A cut 
off by CD is less 
than the A cut off 
byEF. 

Cor. 1.— Of all 
triangles described 
about a given circle, the equilateral triangle is a 
minimum. 

Cor, 2. — Of all polygons having a given number of 
sides described about a given 0, the regular polygon 
is a minimum. 
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Prop. 20,-^IfABC he a etrele, AB a diameter ^ PD a 
fixed line perpendieula/r to 
AB ; then if ACP he any 
line cutting the circle in C 
and the line PD in P, the 
rectangle under AP and AC 
is constant, 

Bern. — Since AB is the 
diameter of the O, the 
Z ACB is right (xxxi.) ; 
.-. BCP is right, and BDP ^ 
is right ; .*. the figure BDPC is a quadrilateral inscribed 
in a O, and, consequently, the rectangle AP . AG 
B rectangle AB . AD = constant. 

Cor, 1. — This Prop, holds 
true when the line PD cuts the 
O, as in the diagram : the value 
of the constant will, in this 
case, be = AE*. Hence we 
have the following : — 

Cor, 2. — If A be the middle 
point of the arc EP, AG any 
chord cutting the line EP in P ; then AP . AG = AE». 

On account of its importance, we shall give an inde- 
pendent proof of this Prop. Thus : join EG, and sup- 
pose a O described about the A EPG ; then tiieZ FEA 
B EGA, because they stand on equal arcs AF, AE. 
Hence AE touches the O EPG (xxxii.) ; •*. the rect- 
angle AP . AG = AE\ 

Cor, 3. — If A be a fixed point (see two last figs.), 
PD a fixed line, and if any variable point P in PD be 
joined to A, and a point G taken on AP, so that the 
rectangle AP . AG = constant — say R' — then, by the 
converse of this Prop., the locus of the point P is a O. 

Dep. — T?ie point G w called the inverse of the point P, 
the ABG the inYeTBeofthe line PD, the fixed point A 
the centre, and the constant B the radius q/* inversion. 

We shall give more on the subject of inversion in 
our addition to Book VI. 
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Prop. 21. — If from the centre of a drele aperpenHeuhr 
he let fall on any line GD, 
and from D, the foot of the 
perpendicular, and from any 
other point G in GD two tan- 
gents DE, GF he drawn to the 
circle, then GP = GD» + BW. 

Dem. — Let C be the centre 
of the©. Join CG, CE, CP. 
Then 

GP = GC- CP = GD»4 DC'- OP 

= GD» + DP + EC» - CF' = GD» + DE^ 

Prop. 22. — To descrihe a circle having its centre at a 
given point, and cutting a 
given circle orthogonally 
{at right angles). 

Let A be the given 
point, B ED the given . 
From A draw AB, touch- 
ing the BED (xvii.) 
at B ; and from A as cen- 
tre, and AB as radius, 
describe the BFD: this will cut BED orthogo- 
nally. 

Dem. — Let C be the centre of BED. Join GB ; then, 
because AB is a tangent to the circle BED, GB is at right 
Zs to AB (xviii.) ; .-. GB touches the BDF. Kow, 
since AB, GB are tangents to the 0sBDE, BDF, these 
lines coincide with the 0s for an indefinitely short 
distance (a tangent to a has two consecutive points 
common with the 0); and, since the lines intersect 
at right Zs, the 0s cut at right Zs; that is, or- 
thogonally. 

Cor, 1. — The s cut also orthogonally at D. 

Cor. 2. — ^Whentwo 0s cut orthogonally, the square 
of the distance between their centres is equal to the 
Bum of the squares of their radii. 
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Prop. 28. — If in the line joining the centres of two 
circles a point D he found, 
such that the tangents DE, 
DW from it to the circles 
are equal, and if through 
D a line DG he drawn 
perpendicular' to the line 
joining the centres, then 
the tangents from any 
other point G in DG to 
the circles will he equal. 

Dem. — Let GF, GF' be the tangjents. Now, by 
hypothesis, DE* = DE'». To each add DG^, and we have 




or 



GD» + DE» = GD2 + DE", 
GP = GF'»; .-. GF = GF. 



Def. — The line GD is called the radical axis of the 
two circles ; and two points I, T, taken on the line through 
the centres, so that DI ^ DI' = DE = DE', are called the 
limiting points. 

Cor. 1. — ^Any circle whose centre is on the radical 
axis, and which cuts one of the given Os orthogonally, 
will also cut the other orthogonally, and will pass 
through the two limiting points. 

Cor, 2. — ^If there be a system of three 0s, their 
radical axes taken in pairs are concurrent. For, if 
tangents be drawn to the Os from the point of inter- 
section of two of the radical axes, the three tangents 
will be equal. Hence the third radical axis passes 
through this point. 

Dep. — The point of concurrence of the three radical 
axes is called the radical centre of the circles. 

Cot. 3. — The O whose centre is the radical centre 
of three given Os, and which cuts one of them or- 
thogonally, cuts the other two orthogonally. 
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Prop. 24. — The difference hetween the squares of the 
tangents, from any point P to two circles, is equal to twice 
the rectangle contain- 
ed hy the perpendi- 
cular from V on the 
radical axis and the 
distance between the 
centres of the circles, 

Dem.— Let C, C, 
be the centres, the 
middle point of CC, 
DE the radical axis. 
Let fall the ±8 PE, PG. Now, 

CP» - CP = 2CC' . OG (II., 6) 

CP-C'F'>= CD»-C'D», 
because DE is the radical axis 

= 2CC' . OB. 
Hence, by subtraction, 

pr» _ pp/a = 2CC' . DG = 2CC' . EP. 

This is the fundamental Prop, in the theory of coaxal 
circles. Eor more on this subject, see Book YI., 
Section y. 

Dep. — If on any radius of a circle two points he taken, 
one internally and the other externally, so that the rect- 
angle contained hy their distances from the centre is equal 
to the square of the radius ; then a line drawn perpendi- 
cular to the radius through either point is called the 
polar of the other point, which is 
called, in relation to this perpendi- 
cular, its pole. Thus, let he the 
centre, and let OA . OP = radiu^ ; 
then, if AX, PY he perpendiculars 
to the line OP, PY is called the 
polar of A, and A the pole of^Y. 
Similarly, AX is the polar ofT, and 
P the pole of AS., 
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Prop. 25. — If A and B he two points, iueh that the 
polar ofApasses through B, 
then the polar of B passes 
through A. 

Dem. — Let the polar of 
A be the line PB ; then PB 
is ± to CP (C being the 
centre). Join CB, and let 
fall the ± AQ on CB. 
Then, since the Zs P and 
Q are right Zs, the qua- 
drilateral APBQ is inscribed in a ; .-. CQ . CB 
= CA . CP = radius' ; .*. AQ is the polar of B. 

Cor. — In PB take any other point D. Join CD, and 
let fall the perpendicular AE on CD. Then AQ, AE are 
the polars of the points B and D, and we see that the line 
BD, which joins the points B and D, is the polar of the 
point A ; the intersection of AQ, AE, the polars of 
B and D. Hence we have the following important 
theorem : — TJie line of connexion of any two points is 
the polar of the point of intersection of their polars; 
or, again : 21ie point of intersection of any two lines is 
the pole of the line of connexion of their poles. 

Def. — Two points^ such as A and B, which possess the 
property that the polar of either passes through the other, 
are called conjugate points with respect to the circle, and 
their polars are called conjugate lines. 

Prop. 26. — If two dreles cut orthogonally, the extre- 
mities of any diameter of either are eonfugate points with 
respect to the other. 

Let the Os be ABF and 
CED, cutting orthogonally in 
the points A, B ; let CD 
be any diameter of the O 
CED ; C and D are conjugate 
points with respect to the 
OABF. 
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Bern. — ^Let be the centre of the ABF. Join 
OC, intersecting the CED in E. Join ED, and pro- 
duce to E. Join OA. Now, because the s intersect 
orthogonally, OA is a tangent to the CED. Hence 
OC . OE = 0A» ; that is, OC . OE = square of radius of 
the ABF ; and, since the Z CED is a right angle, 
being in a semicircle, the line ED is the polar of C. 
Hence C and D are conjugate points with respect to the 
ABF. 

Prop. 27. — If II and B he twopotnis, and if from A 
we draw a perpendicular AP to 
the polar of B, and from B a 
perpendicular BQ to the polar of 
A ; then, ifC he the centre of the 
circle, the rectangle CA . BQ 
= CB . AP (Salmon). 

Dem. — ^Let fall the Xs AY, 
BX, on the lines CE, CD. 
Now, since X and Y are right 
angles, the semicircle on AB 
passes through the points X, Y. 

Therefore CA . CX = CB . CY ; 

and CA • CD = CB . CE, 

because each = radius' ; .*. we get, by subtraction, 




or 



CA.DX = CB.EY; 
CA . Ba = CB . AP, 



Prop. 28. — The locus of the intersection of tangents to 
a circle, at the extremities of a chord 
which passes through a given point, is 
the polar of the point, 

Dem. — ^Let CD be the chord, A 
the given point, CE, DE the tan- 
gents. Join OA, and let fall the 
JL EB on OA produced. Join OC, 
OD. Now, since EC = ED, and 
EO common, and OC = OD, the Z 
CEO » DEO. Again, since CE 
= DE, and EF common, and Z CEF 
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= DEF ; .-. the Z EFC = EFD. Hence each is right. 
Kow, since the Zi OCE is right-angled at C, and CF 
perpendicular to OE, OF . OE = 00' ; hut since the 
quadrilateral AFEB has the opposite angles B and F 
right angles, it is inscribed in a O. The rectangle 
OF . OE = OA . OB ; but OF . OE = 0C»; .-. OA . OB 
= OC* =» radius' ; .*. BE is the polar of A, and this is 
the locus of the point E. 

Cor. 1. — If from every point in a given line tan- 
gents be drawn to a given circle, the chord of contact 
passes through the pole of the given line. 

Cor, 2. — If from any given point two tangents be 
drawn to a given circle, the chord of contact is the 
polar of the given point. 

Prop. 29. — ^The older geometers devoted much time 
to the solution of problems which required the con- 
struction of triangles under certain conditions. Three 
independent data are required for each problem. We 
give here a few specimens of the modes of investigation 
employed in such questions, and we shall give some addi- 
tional ones under the Sixth Book. 

( 1 ). Given the hose of a triangle 
the vertical angle, and the sum of 
the sides : construct it. 

Analysis. — Let ABC be the 
A ; produce AC to D, and make 
CD = CB ; then AD = sum of 
sides, and is given; and the 
Z ADB = half the Z ACB, and is given. Sence we have 
the following method of construction: — On the base AB 
describe a segment of a O containing an Z = half the 
given vertical Z , and from the centre A, with a distance 
equal to the sum of the sides as radius, describe a O 
cutting this segment in D. Join AD, DB, and make 
the Z DBC = ADB ; then ABC is the A required. 

(2). Given the vertical angle of a triangle, and the seg^ 
ments into which the line bisecting it divides the hose : 
construct it. 
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Analysifl. — ^Let ABC be the A, CD the line bisect- 
ing the vertical Z . Then AD, DB, 
and the Z ACB are given. Now, 
since AD, DB are given, AB is 
given ; and since AB and the Z ACB 
are given, the O ACB is given 
(xxxiii.); and since CD bisects the 
Z ACB, we have arc AE := £B ; 
.*. E is a given point, and D is a 
given point. Hence the line ED is given in poBitiony 
and therefore the point C is given. 

(3). Given the hose, the vertical angle^ and the rectangle 
of the sides, construct the triangle. 

Analysis. — Let ABC be the A ; 
let fall the J. CD ; draw the dia- 
meter CE ; join AE. Now the 
Z CEA = CBA (xxi.), and CAE 
is right, being in a semicircle 
(xxxi.); .*. =Z CDB. Hence the 
As CAE, CDB are equiangular; 
.'. rectangle AC . CB = rectangle 
CE . CD (9) ; but rectangle AC . CB 
is given ; .*. rectangle CE . CD is given ; and since the 
base and vertical Z are given, the O ACB is given; 
.'. the diameter CE is given; .*. CD is given; and there- 
fore the line drawn through C || to AB is given in 
position. Hence the point C is given. 

The method of construction is obvious. 
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SECTION II. 

Exercises. 

1. The line joining the centres of two 08 bisects their common 
chord peipendicularly. 

2. If AB, CD be two || chords in a O, the arc AC = BD. 

8. If two 08 be concentric, all tangents to the inner which 
are terminated by the outer are equal to one another. 

4. If two Is AD, BE of a A intersect in 0, AO . CD 
= BO . OE. 

6. If be the intersection of the Is of a A , the 0s described 
about the three As AOB, BOC, CCA are equal to one another. 

6. If equilateral As be described on the three sides of any A, 
the 0s described about these equilateral As pass through a com- 
mon point. 

7. The lines joining the vertices of the original A to the oppo- 
site vertices of the equilateral As are concurrent. 

8. The centres of the three 0s in question 6 are the angular 
points of another equilateral A . This tlieorem will hold true if 
the equilateral As on the sides of the original A be turned in- 
wards. 

9. The sum of the squares of the sides of the two new equi- 
lateral As in the last question is equal to the sum of the squares 
of the sides of the origmal triangle. 

10. Find the locus of the points of bisection of a system of 
chords which pass through a &Led point. 

1 1 . If two chords of a intersect at right angles, the sum of the 
squares of their four segments equal the square of the diameter. 

12. If from any fixed point C a line CD be drawn to any point 
D in the circumference of a given 0, and a line DE be drawn ± 
to CD, meeting the again in E, the line EF drawn through 
£ I to CD will pass through a fixed point. 

13 Given the base of a A and the vertical Z , prove that the 
sum of the S(iuares of the sides is a maximum or a minimum 
when the A is isosceles, according as the vertical L is acute or 
obtuse. 

14. Describe the maximum reetangle in a given segment of 
a circle. 

16. Through a given point inside a draw a chord which 
shall be divided as in Euclid, Prop. XI., Book II. 
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16. Giyen the base of a A asul the yertical L , what is the 
locus — (1) of the intersection of the ±s; (2) of the bisecton of 
the base angles P 

17. Of all As inscribed in a given 0, the equilateral A is a 

18. The square of the third diagonal of a quadrilateral in- 
scribed in a O is equal to the sum of the squares of tangents to 
the O from its extremities. 

19. The O, whose diameter is the third diagonal of a quadri- 
lateral inscribed in another O, cuts the hitter orthogonally. 

20. If from any point in the circumference of a three lines 
be drawn to the angular points of an inBcribed equilateral A, one 
of these lines is equal to the sum of the other two. 

21. If the feet of the ± of a A be joined, the A thus formed 
will have its angles bisected by the Xs of the original triangle. 

22. If all the sides of a quadrilateral or polygon, except one, be 
given in magnitude and order, the area will be a maximum, when 
the remaining side is the diameter of a semicircle passing through 
all the vertices. 

23. The area will be the same in whatever order the sides are 
placed. 

24. If two quadrilaterals or polygons have their sides equal, 
each to each, and if one be inscribed in a 0, it will be greater 
than the other. 

25. If from any point P without a a secant be drawn cut- 
ting the in the points A, B ; then if C be the middle point of 
the polar of P, the L AC£ is bisected by the polar of P. 

26. If OPF be any line cutting a 0^ J, in the pomts PP ; then 
if two s passing tlirough touch J m the points P, P', respec- 
tively, the difference between their diameters is equal to the dia- 
meter of J. 

27. Given the base, the difference of the base Z s, and the sum 
or difference of the sides of a A, construct it. 

28. Given the base, the vertical L , and the bisector of the 
vertical L of a A , construct it. 

29. Draw a right line through the point of intersection of two 
0s, so that the sum or the difference of the squares of the inter- 
cepted segments shall be given. 

30. If an arc of a be divided into two equal, and into two 
unequal parts, the rectangle contained by the chords of the tm- 
equai parts, together with the sqiuire of the chord of the arc be- 
tween the points of section, is equal to the square of the chord of 
half the arc. 
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31. If A, B, 0, D be four points, ranged in order on a straight 
line, find on ike same line a point 0, such that the rectangle 
OA . OD shall be equal to the rectangle OB . OC. 

32. In the same case find the locus of a point P if the L APB 
equal L GPD. 

33. Given two points A, B, and a O X, find in X a point C, 
so that the Z. ACB may be either a maximum or a minimum. 

34. The bisectors of the Z s, at the extremities of the third 
diagonal of a quadrilateral inscribed in a O are ± to each otiier. 

35. If the base and the sum of the sides of a A be given, the 
rectangle contained by the 1 a from the extremities of the base on 
the bisector of the external vertical Z. is given. 

36. If any hexagon be inscribed in a O, the sum of the three 
alternate Z. s is equal to the sum of the three remaining angles. 

37. A line of given length MN slides between two fixed 
lines OM, ON ; then, if MP, NP be X to OM, ON, the locus 
of P is a circle. 

38. State the theorem corresponding to 35 for the internal 
bisector of the vertical angle. 

39. If AB, AC, AD be two adjacent sides and the diagonal of 
a O, and if a O passing through A cut these lines in the points 
P, Q, £, then 

AB. AP + AC. AQ = AD. AB. 

40. Draw a chord CD of a semicircle H to a diameter AB, so as 
to subtend a right Z. at a given point P in AB (see Exercise 16, 
Book II.) 

41. Find a poiut in the circumference of a given O, such that 
the lines joining it to two fixed points in the circumference may 
make a given intercept on a given chord of the circle. 

^2. In a given describe a A whose three sides shall pass 
through three given points. 

43. If through any point three lines be drawn respectivdy || 
to the three sides of a A, intersecting the sides in the points 
A, A', B, B', C, C, then the sum of the rectangles AO . OA', 
BO . OB', CO . OC' is equal to the rectangle contained by the 
segments of the chord of the circumscribed which passes 
through 0. 

44. The lines drawn from the centre of the circle described 
about a A to the angular points are ± to the sides of the A 
formed by joining the feet of the Is of the original triangle. 

b2 
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45. If a touch a semicircle and two ordinates to its diameter, 
the rectangle under the remote segments of the diameter is equal 
to the square of the X from the centre of the O on the diameter 
of the semicircle. 

46. If AB be the diameter of a semicircle, and AC, BD two 
chords intersecting in 0, the about the A OCD intersects the 
semicircle orthogonally. 

47. If the sum or difference of the tangents from a variable 
point to two 0s be equal to the part of the common tangent of 
the two 0s between the points of contact, the locus of the point 
is a right line. 

48. If pairs of common tangents be drawn to three 0s, and if 
one triad of conmion tangents be conouirent, the other tnad wiU 
also be concurrent. 

49. The distance between the feet of ±s from any point in the 
circumference of a on two fixed radii is equal to the J. from 
the extremity of either of these radii on the other. 
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SECTION I. 

Additioital Propositions. 

Prop. 1. — If a circle he inscribed in a triangUy the 
distances from the angular points of the triangle to the 
points of contact on the sides are respectively equal to the 
remainders that are lefty when the lengths of the sides are 
taken separately from their half sum. 

Dem. — Let ABC be the A, 
D, Ey P, the points of contact. 
Now, since the tangents from an 
external point are equal, we have 
AE = AF, BD = BE, CD = CE. 
Hence AE + BC = AB + CE 
B half sum of the three sides 
BC, CA, AB; and denoting these 
sides by the letters a, h, c, re- 
spectively, and half their sum 
by s, we have 

AE+a=« 
therefore AE s « - a. 

In like manner BD = s -h; CE = s -c. 

Cor, 1. — If r denote the radius of the inscribed 0» 
the area of the triangle » rs. 

For, let be the centre of the inscribed O, then we 
have 

BC . r = 2 A BOC, 

CA . r - 2 /^ COA, 

AB.r-2Z:iA0B; 

therefore (BC + CA + AB)r « 2 Zi ABC; 
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that is, 
therefore 
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2«r = 2 AABC; 
8r= A ABC. 



(a) 



Cor, 2. — If the O touch the side BC externally, and 
the sides AB, AC produced ; that 
iSy if it be an escribed O, and if 
the points of contact be denoted 
by D', E', F', it may be proved 
in the same manner that AE' 
« AF' = «; BD' = BF' = « - <?; 
CD' = CE' = « -. ft. 

These Propositions, though sim- 
ple, axe Tery important. 

Coir. 3. — If r' denote the radius 
of the escribed O, which touches 
the side BC {a) externally, 

r'(«-«)=ZiABC. 

Bern.— E'O' . AC = 2 A AO'O ; 
that is r' . ft = 2 Zi AO'O. 

In like manner r' . e =2 A AO'B, 




and 
Hence 
that is 
therefore 



r' . « = 2 A BO'C. 
r'(ft + c-«) = 2 A ABC; 
r^ .2(8 -a) = 2 A ABC; 
r^ .{B-a) = A ABC. 



m 



Cor. 4. — The rectangle r . r' = (« - ft) (« - c). 



Dem. — Since CO bisects the Z ACB, and CO' bisects 
the Z BCE', CO is at right Zs to CO ; .-. the Z ECO 
+ E'CO' = a right Z ; and Z ECO + COE = one right 
Z ; .-. E'CO' = COE. Hence the Zis E'CO', EOC are 
equiangular ; and, therefore. 



that is 



E'O' . EO = E'C . CE ; 

r . / s= (« - ft) (< - <j). 



(III. 9.) 

(r) 
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Car, 5. — If we denote the area of the A ABC by N, 
we shall have 

For, by equations (a) and (/8), we have 

r% = N", and r' («-«) = N. 

Therefore, multiplying and substituting from (y), we 
get 

therefore N = \/«(« - a) (« - i) (« - c). 

Ciw. 6.— N = v/r . r' . r" . r"' ; 

where r", r"' denote the radii of the escribed circles, 
which touch the sides 5, e^ externally. 

Cor. 7. — If the A ABC be right-angled, having the 
angle C right, 

Prop. 2. — If from any point perpendiculars he lei fall 
on t^e aides of a regular polygon of n 
sides, their sum is equal to n times the 
radius of the inserihed circle. 

Dem. — Let the given polygon be, ^* 
say a pentagon ABCDE, and F the 
given point, and the JLb from F on 
tiie sides AB, BC, &c., be denoted 
^7 pit P2t Pzt &^'t and let the com- 
mon length of the sides of the poly- 
gon be s ; then 

2^ AFB = «pi; 

2 A BPC =sp^; 

2 A CPD = spi ; 
&c., &c. ; 

therefore, by addition, twice the pentagon 

= «(i?i +P2 +Ps +Pi +P6)- 

Again, if we suppose to be the centre of the in- 
scribed circle, and E its radius, we get, evidently, 

2ZiA0B = E«; 
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but the pentagon ^ 5 A AOB ; therefore 

twice pentagon » 5IU ; 
therefore ^{pi+pi+pz+Pi+ps)- 5Rf . 
Hence pi +^2 +Pz + Pi +P6 = 5B. 

Prop. 8. — If a regular polygon ofn aides he described 
about a eircUf the sum of the perpendiculars from the 
points of contact on any tangent to the circle equal nB. 

Dem. — Let A, B, G, D, E, &c.y be the points of con- 
tact of the sides of the polygon with the O, L any 
tangent to the 0» and F its point of contact. Kow, 
the Xs from the points A, B, G, &c., on L, are respec- 
tively equal to the Xs from P on the tangents at the 
same points ; but the sum of the Xs from P on the tan- 
gents at the points A, B, G, &c., = n!R(2). Hence the 
sum of the -Ls from the points A, £, G, &c.y on L = »B. 

Cor. 1. — The sum of the ±s from the angular 
points of an inscribed polygon of n sides upon any line 
equal n times the J. from the centre on the same line. 

Cor, 2, — The centre of mean position of the angular 
points of a regular polygon is the centre of its circum- 
scribed circle. 

For, since there are n points, the sum of the JLs 
from tiiese points on any line equal n times the J. from 
their centre of mean position on the line (I., 17); 
therefore the J. from the centre of the circumscribed 
on any line is equal to the J. from the centre of mean 
position on the same line ; and, consequently, these 
centres must coincide. 

Cor, 3. — The sum of the JLb from the angular points 
of an inscribed polygon on any diameter is zero ; or, in 
other words, the sum of the JLs on one side of the di- 
ameter is equal to the sum of the Xs on the other side. 

Prop. 4. — If a regular polygon ofn sides be inscribed 
in a circle, whose radius is K, and ifP be any point whose 
distance from the centre of the circle is Bf, then the sum 
of the squares of all the lines from P to the angular points 
of the polygon is equal to n (R* + R'*). 
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Bern.— Let be the centre of the 0» then O is the 
mean centre of the angular points ; hence (II., 10) the 
sum of the squares of the lines drawn from P to the 
angular points exceeds the sum of the squares of the 
lines drawn from by «0P, that is by nE'* ; but all 
the lines drawn from to the angular points are equal 
to one another, each being the radius. Hence the 
sum of their squares is nB'. Hence the Proposition 
is proved. 

Cor, 1. — If the point P be in the circumference of 
the O, we have the following theorem : — 7%^ sum of 
the squares of the lines drawn from any point in the cir- 
cumference of a circle to the angular points of an inscribed 
polygon is equal to 2nB}, 

The following is an independent proof of this theo- 
rem : — It is seen at once, if we denote the JLs from the 
angular points on the tangent at P by pi^ pit &c., that 

2R.j?, = AF; 
2R.j?j = BP»; 
2R . JP3 = CP, &c. 
Hence 

2R ( j?i +j?a +i?8 + &c.) = AP« + BP» + eP, &c. ; 
or 2R . nE = AP + BP+ CP, &c. ; 

therefore the sum of the squares of aU the lines from 
P = 2»E». 

Cor, 2. — The sum of the squares of all the lines of 
connexion of the angular points of a regular poly- 
gon of n sides, inscribed in a O whose radius is E, is 

This follows from supposing the point P to coincide 
with each angular point in succession, and adding all 
the results, and taking half, because each Hne occurs 
twice. 

Prop. 6. — IfO he the point of intersection of the three 
perpendiculars AD, BE, CFofa triangle ABC, and if 
Q, H, I he the middle points of the sides of the triangle, 
and K, L, M the middle points of the lines OA, OB, OC ; 
then the nine points D, E, F ; G, H, I ; K, L, M, are in 
the circumference of a circle. 
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Dem. — Join HK, HG, IB[, IQt ; then, because AO is 
bisected in K, and AC in H, HE is || to GO. In like 
manner, HG is || to AB. Hence the Z GHK is equal 
to the Z between GO and AB ; .*. it is a rightZ ; conse- 
quently, the O described on GK as diameter passes 
through H. In like manner, it passes through I ; and 
since the Z KDG is right, it passes through D ; .'. the 




circle through the three points G, H, I, passes through 
the two points D, K, In like manner, it may be 
proved that it passes through the pairs of points E, L ; 
F, M. Hence it passes through the nine points. 

Def. — The eirele through the middle points of the aides 
of a triangle is called, on account of the property we have 
Just proved, '* The Nine-points Circle of the Triangle,^^ 

Prop. 6. — To draw the fourth common tangent to the 
two escrihed circles of a plane triangle , which touch the base 
produced, without describing those circles. 

Con. — From B, one of the extremities of the base, 
let fall a ± BG on the external bisector AI of the 
vertical Z of the A ABC ; produce BG and AI to meet 
the sides GA, GB of the A in the points H and I ; then 
the line joining the points H and I is the fourth com- 
mon tangent. 

Dem. — The As BGA, HGA have the side AG com- 
mon, and the Zs adjacent to this side in the two As 
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equal each to each ; hence AH = AB. Again the ^r 
AHI, ABI have the sides AH, AI and the included Z 
in the one equal to the two sides AB, AI and the in> 
eluded Z in the other; .*. the Z HI A = BIA. 

Kow, hisect the Z ABI hy the line BO, and it is 
evident, hy letting fall Xs on the four sides of the 
quadrilateral ABIHfrom the point 0, that the four ±s 
are equal to one another. Hence the 0> having as 
centre, and any of these J.8 as radius, will he inscribed 
in the quadrilateral ; .*. HI is a tangent to the escribed 
O) which touches AB externally. In like manner, it 
may be proved that HI touches the escribed O, which 
touches AC externally. Hence HI is the fourth com- 
mon tangent to these two circles. 




Cor. 1. — If D be the middle point of the base BO, 
the O, whose centre is D and whose radius is DO, is 
orthogonal to the two escribed Os which touch BO 
produced. 

For, let F be the point of contact of the escribed 0> 
which touches AB externally, then 

PD = OP - CD = i(a+ i + (?) - ia« i(ft + o) ; 
and since BH is bisected in O, and BO in D, 

DO = iCH = i(AB + AC) = J(5 + e) ; 

therefore the O, whose centre is D and radius DO, will 
cut orthogonally the O which touches at P. 
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Cor. 2.— Let DG cut AB in M, and HI in K, and 
from A let fall the X AL, then the quadrilateral 
LME[I is inscribed in a circle. 

For, since the Z s ALB, AGB are right, ALBG is 
a quadrilateral in a O, and M is the centre of the O ; 
,-. ML = MB, and Z MLB = MBL. Again, Z MKI 
= AHI = ABI ; .-. MKI + MLI = ABI + MBL = two 
right Zs. Hence MKIL is a quadrilateral inscribed 
in a circle. 

Prop. 7. — The " Nine-points Circle " is the inverse of 
the fowrth common tangent to the two escribed circles which 
touch the base producedf with respect to the circle whose 
centre is at the middle point of the hose, and which cuts 
these circles orthogonally, 

Dem. — The Z DML (see ^g.^ last Prop.) = twice 
DGL (III. XX.) ; and the Z HIL = twice AIL; but 
DML = HIL, since MKIL is a quadrilateral in a O ; 
.*. the Z DGL = GIL. Hence, if a be described 
about the ^ GIL it will touch the line GD (III. xxxii.) ; 
.'. DL . DI = DG* ; .*. the point L is the inverse of the 
point I, with respect to the O whose centre is D and 
radius DG. Again, since MKIL is a quadrilateral in a 
O, DM . DK =DL . Dl, and, .-. = DG^ Hence the point 
M is the inverse of K, and .*. the O described through 
the points DLM is the inverse of the line HI (III. 20) ; 
that is, the " Nine-points Circle" is the inverse of the 
fourth common tangent, with respect to the whose 
centre is the middle point of the base, and whose radius 
is equal to half the sum of the two remaining sides. 

Cor. 1. — In like manner, it may be proved that the 
*' Nine-points Circle " is the inverse of the fourth com- 
mon taogent to the inscribed and the escribed 0, 
which touches the base externally, with respect to the 
whose centre is the middle point of the base, and 
whose radius is = to half the difference of the remain- 
ing sides. 

Cor. 2. — The "Nine-points Circle" touches the in- 
scribed and the escribed circles of the triangle. 

Por, since it is the inverse of the fourth common 
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tangent to the two escribed Os which, touch the base 
produced, with respect to the O whose centre is "D, 
and which cuts these Os orthogonally ; if we join D to 
the points of contact of the fourth common tangent, 
the points where the joining lines meet these Os again 
will be the inverses of the points of contact. Hence 
they will be common both to the " Nine-points Circle '* 
and the escribed Os; .*• the ''Nine-points Circle" 
touches these escribed Os in these points ; and in a 
similar way the points of contact with the inscribed O 
and the escribed O which touch the base externally 
may be found. 

Car, 3. — Since the "Nine-points Circle'' of a plane 
A is also the "Nine-points Circle" of each of the 
three As into which it is divided by the lines drawn 
from the intersection of its ±s to the angular points, 
we see that the " Nine-points Circle " touches also the 
iiiscribed and escribed circles of each of these triangles. 

Prop. 8. — The following Propositions, in connexion 
with the circle described about a triangle, are very im- 
portant : — 

( 1 ). The lines which join the extremities of the diameter^ 
ivhich isperpendiciUar to the hose of a triangle, to the ver^ 
tieal angle, wre the internal and external bisectors of the 
vertical angle. 




Bern. — ^Let DE be the diameter J. to BC. Join AD, 
AE. Produce AE to meet CB in I. Now, from the 
construction, we have the arc CD »= the arc BD. Hence 
the Z CAD 8 DAB ; . *. AD is the internal bisector of the 
Z CAB. Again, since DE is the diameter of the O, 
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the Z DAE is right ; .-. the Z DAE = DAH ; and 
from these, taking away the equal Z s GAD, DAB, we 
have the Z CAE = BAH ; .-. JAH = BAH. Hence 
AH is the external bisector. 

(2). If from D a perpendicular he let fall on AC, the 
segments AG-, GC into which it divides AG are respectively 
the half sum and the half difference of the sides AB, AG. 

Dem.— Join GD, GF. Draw FH || to AG. Since the 
Z 8 GGD, GFD are right, the figure GGFD is a qua- 
drilateral in a O. Hence the Z AGE = GDE 
(III., xxii.) = GAE (III., xxi.) ; .-. GF is || to AE. 
Hence AHFG is a cd ; aad AG = FH = i sum of AB, 
AG (I., 11, Cor. 1). Again, GG = AG - AG = AC 
- J (AB + AG) = i (AC - AB). 

(3). If from E a perpendicular EG' he drawn to AC, 
CGK and AG' are respectively the half sum and the haif 
difference of AG^ AB. 

This may be proved like the last. 

(4). Through A draw AL perpendicular to DE. The 
rectangle DL . EF is equal to the square of half the sum of 
the sides AG, AB. 

Dem. — The As ALD, EFI have evidently the Zs 
at D and I equal, and the right Zs at L and F are 
equal. Hence the As are equiangular ; •*. DL . EF 
= AL . FI = FK . FI = the square of half the sum of the 
sides (Prop. 7). 

(6). In like manner it may be proved that EL . FD 
is equal to the square of half the difference of AG, AB. 

Prop. 0. — If a, 5, denotCy as in Prop. 1, the lengths 
of the sides of the triangle ABC, then 
the centre of the inscribed circle will 
he the centre of mean position of its 
angular points for the system ofmul^ 
tiples a, h, c. 

Dem. — Let be the centre of 
the inscribed O. Join GO; and on 
GO produced let fall the Xs AL, 
BM. Now, the A s ACL, BCM have the Z ACL = BGM ; 
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and the Z ALC = BMC. Hence they are equiangular 
therefore BC . AL = AC . BM ; (HI. 9) 

or a . AL = h . BM. (a) 

Now, if we introduce the siguB + and -, since the J. 8 
AL, BM fall on different sides of CL, they must be 
affected with contrary signs; .*. the equation (a) ex- 
presses that a times the JL from A on CO + & times the 
J. from B on CO = ; and since the JL from C on CO 
is eyidently » 0, we have the sum of a times per- 
pendicular from A ; h times perpendicular from B ; 
c times perpendicular from C, on the line CO 8 0. 
Hence the line CO passes through the centre of mean 
position for the system of multiples a, h, o. In like 
manner, AO passes through the centre of mean posi- 
tion. And since a point which lies on each of two 
lines must be their point of intersection, must be 
the centre of mean position for the system of multiples 
(tf h, e. 

Cor. 1.— If 0', 0", 0"'be the centres of the escribed 
Os, 0' is the centre of mean position for the system of 
multiples - a, +5, + o; 0" for the system+flf, -i, +c; 
and 0'" for the system + <i, + J, - c. 
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SECTION II. 

EXXBCISES* 

1. The square of the dde of an equilateral A ioflcribed in a 
equal three times the square of the radius. . 

2. The square described about a O equal twioe the inscribed 
square. 

3. The inscribed hexagon equal twice the inscribed equi- 
lateral triangle. 

4. In the construction of lY., x., if F be the second point in 
which the O ACD intellects the O BDE, and if we join AF, DF» 
the A ADF has each of its base L s double the vertical L . The 
same property holds for the As AGF, BCD. 

6. The square of the side of a hexagon inscribed in a , together 
with the square of the side of a decagon, is equal to the square of 
the side of a pentagon. 

6. Any diagonal of a pentagon is divided by a consecutive 
diagonal into two parts, such that the rectangle contained by the 
whole and one part is equal to the square of the other part. 

7. Divide an £ of an equilateral A into five equal parts. 

8. Inscribe a O in a given sector of a circle. 

. 9. The locus of the centre of the O inscribed in a A» whose 
base and vertical L are given, is a circle. 

10. If tangents be drawn to a O at the angular points of an 
inscribed regular polygon of any number of sides, they will form 
a circumscribed regular polygon. 

11. The line joining the centres of the inscribed and circum* 
scribed Os subtends at any of the angular points of a A an ^ 
equal to half the difference of the remaining angles. 

12. Inscribe an equilateral A in a given square. 

13. The six lines of connexion of the centres of the inscribed 
and escribed Os of a plane A are bisected by the circumference 
of the circumscribed circle. 

14. Describe a regular octagon in a given square. 

15. A regular polygon of any number of sides has one O in- 
scribed in it, and another circumscribed about it, and the two 08 
are concentrio. 
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16. If 0, 0', 0", 0"', be the centres of the inscribed and 
escribed 0s of a plajie A , then is the mean centre of the points 
0', 0", 0'", for the system of multiples (« — «), (« — *), (» — c). 

17. In the same case, 0' is the mean centre of the points 
0, 0", 0"', for the system of multiples «, « — ft, « - tf, and cor- 
responding properties hold for the points 0", 0"". 

18. If r be the radius of the O inscribed in a A , and pi, pa the 
radii of two Os touching the circumsc^ed O, and also touching 
each other at the centre of the inscribed O ; then 

?-i i 

r pi p2 

19. If r, rij rs, rz be the radii of the inscribed and escribed 0s 
of a plane A , and B the radius of the circumscribed ; then 

n+r9 + r3^r = 4B, 

20. In the same case, 

1111 

- = - + -+-. 

r ri r2 ra 

21. In a giyen inscribe a A, so that two of its sides may 
pass through given points, and that the third side may be a 
maximum. 

22. What theorem analogous to 18 holds for escribed 0s F 

23. Draw from the vertical ^ of an obtuse-angled A a line 
to a point in the base, such that its square will be equal to the 
rectuigle contained by the segments of the base. 

24. If the line AD, bisecting the vertical ^ A of the A ABC, 
meets the base BG in D, and the circumscribed in E, then the 
line CE is a tangent to the described about the A ADC. 

26. The sum of the squares of the Is from the angular points 
of a regular polygon inscribed in a upon any diameter of the 
equal half n times the square of the radius. 

26. Given the base and vertical /. of a A , find the locus of 
the centre of the which passes through the centres of the three 
escribed circles. 

27. If a touch the arcs AC, BC, and the line AB in the 
construction of EucUd (I. i.), prove its radius equal to } of AB. 

28. Given the base and the vertical ^ of a A, find the locus 
of the centre of its ** Nine-point Circle.'* 
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29. If from any point in the cireumfeience of a O ±s be let 
fall on the sides of a circiunscribed regular polygon, the sum 
of their squares is equal to f » times the square of the radius. 

30. The internal and external bisectors of the Z. s of the A , 
formed b^ joining the middle points of the sides of another A , 
are the six radicid axes of the inscribed and escribed 0s of the 
latter. 

31. The described about a A touches the sixteen circles in- 
scribed and escribed to the four As formed b^ joining the centres 
of the inscribed and escribed circles of the ongmal triangle. 

32. If 0, 0' haye the same meaning as in question 16, then 

AO . AC = AB . AC. 

34. Giyen the base and the vertical L of a A , find the locus 
of the centre of a passing through the centre of the inscribed 
circle, and the centres of any two escribed circles. 



BOOK SIXTH. 




SECTION I. 

Additional Peopositions. 

Prop. 1. — If two triangles ha/oe a common base, hut 
different vertices, they are to one another as the segments 
into which the line joining the 
vertices is divided hy the common 
hose or lose produced. 

Let the two As be AOB, AOC, 
having the base AO common; 
let AO cut the line BC, joining 
the vertices in A' ; then ^^ -jr 

AOB : AOC : : BA' : A'C. 

Dem.— TheAABA': ACA' : : BA' : A'C; 

and OBA' : OCA' : : BA' : A'C ; 

therefore 

ABA' - OBA' : ACA' - OCA' : : BA' : A'C ; 

or AOB : AOC : : BA' : A'C. 

Prop. 2. — If three concurrent lines AO, BO, CO, drawn 
from the angular points of a triangle, meet the opposite 
sides in the points A', B', C, the product of the three 
ratios 



BA' CB' AC . 



A'C* B'A' CB 
f2 



is unity. 
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Dem. — From the last Proposition, we haye 

BA'AOB 
A'C " AOC ' 

CB' BOC 



B'A 

AC' 
C'B 



BOA' 

AOC 
BOC* 



Hence, multiplying out, we get the product equal to 
unity. 

Cor, This may be written 

AB' . BC . CA' « A'B .B'C . CA. 

The symmetry of this expression is apparent. Ex- 
pressed in words, it gives the product of three alter- 
nate segments of the sides equal to the product of the 
three remaining segments. 

Prop. 8. — If two parallel lines he intersected hy thre^ 
concurrent transversals^ the segments intercepted hy the 
transversals on the parallels a/re 
proportional. 

Let the ||s be AB, A'B', and the 
transversals CA, CD, CB ; then 

AD : DB : : A'D' : D'B'. 

Dem. — The triangles ADC, 
A'D'C are equiangular ; 

therefore AD : DC : : A'D' : D'O. 

In like manner, DC : DB : : D'C : D'B' ; 

therefore ex aeqmli AD : DB : : A'D' : D'B'. 

Cor, — If from the points D, D' we draw two ±8 
DE, D'E' to AC, and two Xs DF, D'F' to BC ; then 

DEiDFizD'E'zDT'. 
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Prop. 4. — If the sides of a triangle ABC he cut ly any 
transversal, in the points A', W, C ; then the product of 
the three ratios 

AF BC' CA/ 

B'C orL' rs 

is equal to unity. 

Dem. — From the 

points A, B, C let fall 

the ±s p'y p'\ p'" on the 

transversal ; then, by si- 

y p" p'" 
milar As the three ratios are respectively = ^, ~, ~, 

and the product of these is evidently equal unity. 
Hence the proposition is proved. 

Observation. — If we introduce the signs plus and minus, 
in this Proposition, it is evident that one of the three ratios must 
be negative. And when the transversal cuts all the sides of the 
triangle externally, all three wiU be negative. Hence their 
product will, in aU cases, be equal to negative imity. 

Cor, 1. — ^If A', B', C he three points on the sides of 
a triangle, either all external, or two internal and one 
external, such that the product of the three ratios 

AB' BC' CA^ 

B'C C'A' A'B 

is equal to negative unity, then the three points are col- 
linear. 

Cor, 2. — The three external bisectors of the angles 
of a triangle meet the sides in three points, which are 
collinear. 

For, let the meeting points be A', B', C, and we 
have the ratios 

BA' CB' AC . BA CB AC 

ATc' FA' CB'"^*^®'^*'^'aC' BA' CB' 

respectively ; and, therefore, their produce is unity. 

Prop. 5. — In any triangle, the rectangle contained by 
two sides is equal to the rectangle contained hy the perpen- 
dicular on the third side and the diameter of the circum* 
scribed circle. 
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Let ABC be the Z^, AD the ±, AE the diameter of 
the O ; then AB . AC = AE . AD. 

Dem. — Since AE is the diameter, 
the Z ABE is right, and ADC is 
right; .-. ABE = ADC; and AEB 
= ACD (in., xxi.) ; therefore the 
As ABE and ADC are equiangular ; B\ 
and AB : AE : : AD : AC (iv.). 
Hence AB . AC = AE . AD. 

Cor, — If a, h, e denote the three 
sides of a triangle, and B the radius of the circumscribed 

circle, then the area of the triangle = Tn* 

For, let AD be denoted by ^, we hare (6) 

therefore 2apR = ahey 

op dhe 

that is, area of triangle = — . 

Prop. 6. — If a figure of any even number of sides he 
inscribed in a circle, the continued product of the perpen- 
diculars let fall from any point 
in the circumference on the odd 
sides is equal to the continued 
product of the perpendiculars 
on the even sides. 



We shall prove this Pro- 
position for the case of a 
hexagon, and then it will 
be evident that the proof is 
general. 

Let ABCDEF be the hexa- 
gon, the point, and let the Xs from on the lines 
AB, BC . . . FA, be denoted by a, jS, y, 8, c, <^ ; let D 
denote the diameter of the O, and let the lengths of 
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the six Hnes OA, OB ... OF be denoted by i, m, w, p, 
qy r ; then we hare Da = /m ; Dy = w^ ; Ib^^qr-, 

therefore D'ayc = Imnpqr, 

In like manner, JfipZ4> = Imnpqr ; 

therefore aye = jSS<^. (a.E.D.) 

Cor, 1. — The six points A, B, C, D, E, F may be 
taken in any order of sequence, and the Proposition 
-will hold; or, in other words, if we draw all the 
diagonals of the hexagon, and take any three lines, 
sueh as AG, BD, EF, which terminate in the six points 
A, B, C, D, E, F, then the continuous product of the 
J.S on them will be equal to the continuous product of 
the ±s on any other three lines also terminating in the 
six points. 

Cor, 2. — When the figure inscribed in the circle con- 
tains only four sides, this Proposition is the theorem 
proved (III., 11.) 

Cor. 3. — If we suppose two of the angular points to 
become infinitely near; then the line joining these 
points, if produced, will become a tangent to the circle, 
and we shall in this way have a theorem that will be 
true for a polygon of an odd number of sides. 

Cor, 4. — If perpendiculars be let fall from any point 
in the circumference of a circle on the sides of an in- 
scribed triangle, their contained product is equal to the 
contained product of the perpendiculars from the same 
point on the tangents to the circle at the angular points. 

Prop. 7. — Oivmy in magnitude andposittonf the base 
BG of a triangle and the 
ratio BA : AC of the 
sides, it is required to 
find the locm of its 
vertex A. 

Bisect the internal 
and the external verti- 
cal angles by the lines 
AD, AE. Now, BA : 
AC : : BD : DC (III.) ; 
but the ratio BA : AC is given (Hyp.) ; therefore the 
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ratio BD : DC is given, and BC is given (Hyp.) ; .•. the 
point D is given. In like manner the point E is given. 
Again, the angle DAE is evidently equal half the sum 
of the angles BAG, CAF. Hence DAE is right, and the 
circle described on the line DE as diameter will pass 
through A, and will be the required locus. 

Cor. 1 . — The circle described about the triangle ABC 
will cut the circle DAE orthogonally. 

For, let be the centre of the © DAE. Join AO ; 
then the angle DAO « ADO, that is, DAC + CAQ 
= BAD + ABO ; but BAD = DAC ; .-. CAO = ABO ; 
.*. AO touches the © described about the A BAG. 
Hence the ©s cut orthogonally. 

Cor, 2. — ^Any circle passing through the points B, C, 
is cut orthogonally by the circle DAE. 

Cor. 3. — If we consider each side of the triangle as 
base in succession, the three circles which are the loci 
of the vertices have two points common. 

Prop. 8. — If through 0, the intersection of the diago- 
nah of a quad/rilateral ABCD, 
a line OH id drawn parallel 
to one of the sides AB, meeting 
the opposite side CD in G, and 
the third diagonal in H, OH 
is bisected in G. 

Dem. — ^Produce HO to 
meet AD in I, and let it 
meet BC in J. 

Now IJ : JH : : AB : BF, (Prop. 3.) 

and OJ : JG : : AB : BF ; 

therefore 10 : GH : : AB ; BF ; 

but AB : BF : : 10 : OG ; .*. OG = GH. 

Cor. — ^GO is a mean proportional between GJ and 
GI. 

Prop. 9. — If a triangle given in species have one angu- 
lar point flxedf and if a second angular point moves along 
a given line, the third will also move along a given line. 
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Let ABC be the A which is given in species; let 
the point A be fixed ; the point B move along a given 
line BD : it is required to find the 
locus of C. 

From A let fall the ± AD on 
BD; on AD describe a A ADE 
equiangular to the A ABC ; then 
the A ADE is given in position ; 
.*. E is a given point. Join EC. 
Now, since the As ADE, ABC 
are equiangular, we have 




therefore 



AD : AE :: AB : AC; 
AD : AB : : AE : AC : 



and the angle DAB is evidently = EAC. Hence the A s 
DAB, EAC are equiangular ; .*. the angle ADB = AEC. 
Hence the angle AEC is right, and the line EC is given 
in position ; .*. the locus of C is a right line. 

Cor, — By an obvious modification of the foregoing 
demonstration we can prove the following theorem : — 
If a A be given in species, and have one angular point 
given in position ; then if a second angular point move 
along a given O, the locus of the third angular point 
is a circle. 

Prop. 10. — If he the centre of the imcrihed circle of 
the triangle ABC, then AO' : AB . AC ::«-«:«. 

Dam. — Let 0' be the centre 
of the escribed touching 
BC externally; let fall the 
-LsOD, O'E. Join OB, OC, 
O'B, O'C. Now, the Z& 
O'BO, O'CO are evidently 
right Zs; .-. OBO'C is a 
quadrilateral inscribed in a 
circle, and Z BO'O = BCO 
= ACO ; and BAG' = OAC. 
Hence the triangles O'BA and 
COAare equiangular; .•. O'A: 
BA : : AC : AO ; /. O'A • OA = AB . AC. Hence 
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0A» : AB . AC : : 0A» : O'A. OA : : OA : O'A : : AD 

AE ; but AD »« - a, and AE » » ; 

therefore OA* : AB . AC : : («-«): *. 

OB' OC^ 
ca ah 
0A» 



Cor. \.— 



ho 



1, 



For 



In like manner, 

and 

therefore, by addition, 

0A« 

he 



he 

0B« 
ea 

qc» 

ah 



s - a 

* 

8 
S-h 



9 



0B« 0C» 

+ 



1. 



ea ah 

Cor. 2.— If 0', 0", 0"' be the centres of the escribed 
circles, A/w O'C* O'A* 

+ -^ 5 = 1, &C. 



0[B' 
ea 



ah he 

prop. 11. — If By r he the radii of the inscrihed and 
eircumscrihed eireles of a plane triangle, 8 the distance he- 
tween their centres ; then 

r ** 1 

Dam. — Let 0, P be the cen- 
tres of the Os. Join CP, and 
let it meet the circumscribed 
O in D. Join DO, and pro- 
duce to meet the circumscribed 
in E. Join EB, OP, PF, 
PB, PD. Since P is the centre 
of the inscribed O, CP bisects 
the Z ACB ; .-. the arc AD 
a the arc DB. Hence the Z 
ABD = DCB (III., 21") ; and 
because PB bisects theZ ABC, 
the Z PBA = PBC; .\ theZ PBD « PCB + PBC 
= DPB; .-. DP = DB. 




BOOK VI. 



76 



Again, the As DEB, PCF are equiangular ; be- 
cause the angles DEB and PCF are equal, being in the 
same segment, and the angles DBE and PEC are right. 
Hence DE : DB : : CP : PF (iv.) ; .-. DE . PF = DB . PC 
= DP.PC. 

Now, since the triangle OCD is isosceles, DP . PC 
= 0C» - OF (n., 2) ; 

therefore DE . PF = 0C» - 0P« ; 

that is, 2^r = ^ - 8^ ; 

therefore ^^+^=1. 

Cor. 1. — If r', r'*y r"' denote the radii of the escribed 
Os, and 8', 8", h'" the distances of their centres from 
the centre of the circumscribed O, we get in like 
manner 

r' r' 

Cor. 2.— If O'T', 0"T", 0'"T'" be the tangents from 
the points 0', 0", 0"' to the circumscribed O ; then 

2R7' = 0'T'«, &c. 

Cor. 3. — If through P we describe a O, touching 
the circumscribed ©, 
and touching the dia- 
meter of it, which 
passes through P, this 
O will be equal to the 
inscribed O ; and simi- 
lar Propositions hold 
for circles passing 
through the points 0', 
0", 0'". 

Prop. 12. — If two 

triangles he such that the 
lines joining correspond- 
ing vertices are concur- 
rent, then the points of 
intersection of the corresponding sides are coUinear. 
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Let ABO, A^'C be the two As, haying the lines 
joining their corresponding Tertices meeting in a 
point : it is required to prove that the three points 
X, Y, Z, which are the intersections of corresponding 
sides, are collinear. 

Dem. — From A, B, C let fall three pairs of ±s on 
the sides of the A A'B'C ; and from let fall three ±s 
P'y jp", y on the sides B'C, C'A', A'B', 

Now we have, from Cor,, Prop. 3, 





AP 


/" 


Ba 


/ 


CR 


p" 




AP' 


"y" 


Ba' 


" 1?"" 


CR'" 


p" 


Hence the product of the ratios, 


• 








AP 
AP" 


BQ 

Ba'* 


CR 
CR'" 


■■ unity. 




Again 


we have, independent of sign, 






AZ 


AP 


BX 


Ba 


CT 


CR 




ZB ■ 


"Ba" 


xc" 


"CR" 


AY" 


■ AF 



(IV.) 



Hence the product of the three ratios 

AZ BX CY 
ZB' XC YA 

is equal to the product of the three ratios 

AP Ba CR^. 
Ba" CR" AP'* 

and, therefore, equal to unity. Hence, by Cor,, Prop. 4, 
the points X, Y, Z axe coUmear. 

Cor. — ^If two As be such that the points of inter- 
section of corresponding sides are collinear, then the 
lines joining corresponding vertices are concurrent. 
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Observation. — ^Triangles whose corresponding yertices lie on 
concuirent lines haye received different names nom geometers. 
Salmon and Poncelet call such triangles homologous. These 
writers cdl the point the centre of homology ; and the line XYZ 
the axis of homology. Townsend and Clebsch call them tri- 
angles in perspective ; and the point 0, and the line XTZ the 
centre and the axis oi perspective, 

VvQip. 18. — When three triangleB are two hy two in 
perspective, and have the same axis of perspective^ their 
three centres of perspective are eoUinear. 




Let ahe, a'Vd, d'V'd* be the three As whose corre- 
sponding sides are concurrent in the coUinear points 
A, B, C. Now letns consider the two AsoaV, Wh'\ 
formed by joining the corresponding vertices a, a', a", 
h, h\ h'% and we see that the lines db, a'h'y a"h" joining 
corresponding vertices are concurrent, their centre of 
perspective being G. Hence the intersections of their 
corresponding sides are collinear ; but the intersections 
of the corresponding sides of these As are the centres 
of perspective of the As ahe, a'Vc'y a"h"o'\ Hence the 
Proposition is proved. 

Cor. — The three As aa'a", hl'h", co*d* have the same 
axis of perspective ; and their centres of perspective 
are the points A, B, C. Hence the centres of perspec- 
tive of this triad of As lie on the axis of perspective 
of the system ahe, a'h'<f^ cl'V^d'^ and conversely. 
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Prop. 14. — JFlten three triangUB which are two hy two 
in perspective have the same centre of homology ^ their three 
axes of homology are concurrent. 



^9% 




JjQt dbcy dVif^ a"h'*(/' be three As, having the point 
as a common centre of perspective. Kow, let us 
consider the two As formed by the two systems of 
lines ah, afh\ a" J" ; and aCy a'cf^ al*d* ; these two As are 
in perspective, the line Oaa^a" being their axis of 
perspective. Hence the line joining their correspond- 
ing vertices are concurrent, which proves the Pro- 
position. 

Cor, — The two systems of As, viz., that formed by 
the lines ah, a'h\ af'h" ; he, h'c^y J V ; ca, (/a\ d'a"\ and 
the system ahe, dVd, cl'V'd\ have corresponding pro- 
perties — namely, the three axes of perspective of either 
system meet in the centre of p^spective of the other 
system. 

Prop. 15. — We shall conclude this section with the 
solution of a few Problems : — 
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(1). Th describe a rectangle of given wrea^ whose fov/r 
sides shall pass through four given points. 

Analysis. — Let ABCD be ^ 
the required rectangle ; E, F, 
G, H the four given points. ^ 




Through E draw EI || to AD ; yj^ 
and through H draw HJ || to 
AB, and HO X to EG ; and d 
draw JK ± to HO produced. 

Now it is evident that the As EIG, JHK, are equi- 
angular; ,•. the rectangle EI . JH = EG . HK; but 
EI . JH = area of rectangle, and is given; .'. the rect- 
angle EG . HK is given, and EG is given ; .'. HK is 
given. Hence the line KJ is given in position ; and 
since the angle EJH is right, the semicircle described 
on HE will pass through J, and is given in position. 
Hence the point J, being the intersection of a given 
line £md a given O, is given in position ; therefore the 
line FJ is given in position. 

(2). Given the base of a triangle, the perpendicular, and 
the sum of the sides, to construct it. 

Analysis. — Let ABC be the A, CP the -L ; and let 
DE be the diameter of the cir- 
cumscribed O, which is -L to 
AB ; draw CH || to AB. 

Now the rectangle DH . EG is 
equal to the square of half sum 
of the sides (IV., 8); .-. DH.EG 
is given ; and DG . GE = square 
of GB, and is given. Hence 
the ratio of DH . GE : DG . GE 
is given; .'. the ratio of DH 
: DG is given. Hence the ratio 
of GH : DG is given ; but GH is = to the ±, and is 
given ; hence DG is given ; then, if AB be given in 
position, the point D is given ; .•. the O ADB is given 
in position, and CH at a given distance from AB is 
given in position. Hence &e point C is given in posi- 
tion. 




80 



A SEQUEL TO EUCLID. 



The method of construction derived from this ana- 
lysis is evident. 

C&r, — If the base, the perpendicular, and the diffe- 
rence of the sides be given, a slight modification of the 
foregoing analysis will give the solution. 

(3). Given the hose of a triangle, the vertical angle, and 
the bisector of the vertical angle, to comtmct the triangle. 

Analysis. — Let ABC be the required A, and let the 
base AB be given in position ; then, since AB is given 
in position and magnitude, and the Z ACB is given in 
magnitude, the circumscribed 
is given in position. Let CD, 
the bisector of the vertical Z, 
meet the circumscribed O in E, 
then E is a given point. Hence 
EB is given in magnitude. 

Now ED . EC = EB» (III., 
20, Cor. 2); .*. the rectangle 
ED . EC is given, and CD is 
given (Hyp.). Hence ED, EC 
are each given, and the O described from E as centre, 
with EC as radius, is given in position. Hence the point 
C is given, and the method of construction is evident. 

Cor. — From the foregoing we may infer the method 
of solving the Problem : Given the base, vertical angle, 
and external bisector of the vertical angle. 

(4). Given the base of a triangle, the difference of the 
base angles, and the difference of 
the sides, to construct it. 

Analysis. — Let ABC be the 
required A ; then the rect- 
angle EF . GD = the square of 
half the difference of the sides 
(IV., 8) ; .'. EF . GD is given ; 
and EF.FD = FB» is given. 
Hence the ratio of EF . GD 
: EF . FD is given. Hence 
the ratio of FD : GD is given. 

Again, the Z CED = half the difference of the base Z s, 
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and is given; and DOE is a right Z ; .*. A DGE is 
given in species, and CGD is equiangular to DOE; 
.•. CGD is given in species; .•. the ratios of GD : DC 
and of DC : DE are given. Hence the ratio of FD : DE 
is given ; therefore the ratio of DP : FE is given, and 
ttkoi rectangle is given. Hence DP and ¥E are each 
given. Hence the Proposition is solved. 

Cer* — In a like manner we may solve the Problem : 
Given the base, the difference of the base angles, and 
the sum of the sides to construct the triangle. 

(5). To construct a quadrilateral of given species whose 
four sides shall pass through four given points. 




Analysifl. — ^Let ABCD be the required quadrilateral, 
P, Q, B, S the four given points. Let E, P be the ex- 
tremities of the third diagonal. Now, let us consider 
the A ADP ; it is evidently given in species, and PQR 



a 
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is an inscribed triangle given in species. Hence, if M 
be the point of intersection of circles described about 
the As PAQ, QBE, the A MAT) is given in species. — 
See Demonstration of (III., 17). 

In like mjtnner, if N be the point of intersection of 
the Os about the As GAP, PBS, the A ABN is given 
in species. Hence the ratios AM : AD and AN : AB 
are given ; but the ratio of AB to AD is given, because 
the figure ABCD is given in species. Hence the ratio 
of AM: AN is given; and M, N are given points; 
therefore the locus of A is a circle (7) ; and where this 
circle intersects the circle PAQ is a given point. Hence 
A is given. 

Cor, — A suitable modification of the foregoing, and 
making use of (III., 16), will enable us to solve the 
cognate Problem — To describe a quadrilateral of given 
species whose four vertices shall be on four given 
lines. 

(6). Given the hose of a triangle, the difference of the 
hose anglee, and the rectangle of the sides, construct it, 

(7). Oiven the base of a triangle, the vertical angle, and 
the ratio of the sum of the sides to the altitude : construct 
it. 



SECTION II. 

CeNTBES of SlMILITUnE. 

Dep. — If the line joining the centres of two circles he 
divided internally and externally in the ratio of the radii 
of the circles, the points of division a/re called, respectively ^ 
the internal and the external centre of similitude of the 
two circles. 

From the Definitions it follows that the point of 
contact of two circles which touch externally is an tra- 
ternal centre of similitude of the two circles ; and the 
point of contact of two circles, one of which touches 
another internally, is an external centre of similitude. 
Also, since a right line may be regarded as an infinitely 
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large circle, whose centre is at infinity in the direction 
perpendicular to the line, the centres of similitude of a 
line and a circle are the two extremities of the diameter 
of the circle which is perpendicular to the line. 

Prop. 1. — The direct common tangent of two circles 
passes through their external centre of similittcde, 

Dem.— Let 0, 0' 

be the centres of the 
0s ; P, P' the points 
of contact of the 
common tangent ; 
and let PF and 00' 
produced meet in T ; 
then, by similar As, 

OT : O'T : : OP : O'F. 

Hence the line 00' is divided externally in T in the 
ratio of the radii of the circles ; and therefore T is the 
external centre of similitude. 

Cor, 1. — It may be proved, in like manner, that the 
transverse common tangent passes through the internal 
centre of similitude. 

Cor, 2. — The line joining the extremities of parallel 
radii of two Os passes through their external centre of 
similitude, if they are turned in the same direction; 
and through their internal centre, if they are turned 
in opposite directions. 

Cor. 3. — The two radii of one O drawn to its points 
of intersection, with any line passing through either 
centre of similitude, are respectively || to the two 
radii of the other Q drawn to its intersections with 
the same line. 

Cor. 4. — ^All lines passing through a centre of 
similitude of two Os are cut in the same ratio by 
the Os. 

Prop. 2. — If through a centre of similitude of two circles 
we draw a secant cutting one of them in the points B, E.', 
and the other in the corresponding points S, S'; then 

g2 
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the rectangles OR . OS', OE' . OS are constant and 
equal, 

Dem. — Let a, h de- /"^""""^Cii^ 
note the radii of the 

circles ; then we have ( }-{ ) ^ o 

{Cor, 3, Prop. 2), 

a:h::OS: OR; 

therefore a : J : : OS . OS' : OR . OS' ; 

but OS . OS' = square of the tangent from to the circle 
whose radius is a, and is therefore constant. Hence, 
since the three first terms of the proportion are con- 
stant, the fourth term is constant. 

In like manner, it may be proved that OR' . OS is a 
fourth proportional to a, h and OS . OS'; .*. OR' . 08 
is constant. 

Prop. 8. — The six centres of similitude of three circles 
lie three hy three on four lines, called axes of similitude 
of the circles. 

Dem. — ^Let the radii of the s be denoted by a, h, e, 
their centres by A, B, ; the external centres of simi- 
litude by A', B', C, and their internal centres by 
A", B", C". Now, by Definition, 

AC a 



CB 




b' 


BA' 

A'C 


= 


b 
e' 


CB' 




e 



B'A a 

Hence the product of the three ratios on the right^is 
negative unity ; and therefore the points A', B', C' are 
Gollinear {Cor. 1, Prop. 4). 
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Again, let us consider the system of points Ii!\ Wy 
C. We have, as before, 



BA^^ 

A"C 

B"A 



a 



c 

e 
a 



Hence the product of the ratios in this case also is 
negative unity ; and .*. A", B", C are collinear ; and 
the same holds for A', B", C'; ; A", B', C". Hence the 
collinearity of centres of similitude will be one exter- 
nal and two internal, or three external centres of 
similitude. 

Cor, 1. — If a variable O touch two fixed Os, the 
line joining the points of contact passes through a 
£xed point, namely — a centre of similitude of the two 
Os ; for the points of contact are centres of similitude* 

Cor. 2. — n a variable touch two fixed ©s, the 
tangent drawn to it from the centre of similitude 
through which the chord of contact passes is constant. 

Prop. 4. — If two circles touch two others, the radical 
axis of either pair passes throiu/h a centre of similitude of 
the other pair, 

Dem. — Let the two 
Os X, Y touch the 
twoOsW,V;letE,R' 
be their points of con- 
tact with W, and S, S' 
with V. Now, con- 
sider the three Os 
X, W, Y; E, E' are 
internal centres of si- 
militude. Hence the 
line EE' passes through the external centre of simili- 
tude of X and Y. 




86 A SEQUEL TO EUCLID. 

In like manner, the line SS' passes through the 
same centre of similitude. Hence the point 0, where 
these lines meet, will be the external centre of simili- 
tude of X and Y; and .-. the rectangle OR . OR' 
= OS . OS' (Prop. 2) ; .-. tangent from to W = tan- 
gent from to V, hence the radical axis of W and V 
passes through 0. 

Dep. — Ths circle on the interval, between the centres of 
similitude of two circles as diameter, is called their circle 
of similitude. 

Prop. 5. — The circle of similitude of two circles is the 
locus of the vertex of a triangle whose base is the interval 
between the centres of the circles, and the ratio of the sides, 
that of their radii. 

Dem. — When the base and the ratio of the sides are 
given, the locus of the vertex (see Prop. 7, Section 1) 
is the whose diameter is the interval between the 
points in which the base is divided in the given rQ,tio 
internally and externally ; that is, in the present case, 
the of similitude. 

Cor. 1. — If from any point in the of similitude of 
two given s lines be drawn to their centres, these 
lines are proportional to the radii of the two given 08. 

Cor. 2. — If, from aiiy point in the of similitude of 
two given s, pairs of tangents be drawn to both s, 
the angle between one pair is equal to the angle between 
the other pair. 

This follows at once from Cor. 1. 

Cor. 3. — The three s of similitude of three given 
s taken in pairs are coaxal. 

For, let P, P' be the points of intersection of two 
of the 0s of similitude, then it is evident that the 
lines drawn from either of these points to the centres 
of the three given s are proportional to the radii of 
the given s. Hence the third of similitude must 
pass through the points P, P'. Hence the s are 
coaxal. 

Cor. 4. — The centres of the three s of similitude 
of three given s taken in pairs are coUinear. 
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SECTIO]!^ in. 
Theoey or Habmonic Section. 

Dep. — If a line AB be divided internally in the 
point C, and ex- ^ o c b d 

ternally in the ' ' — ' ' ' 

point D, «o that the ratio AC : CB = - ratio AD : DB ; 
the points C and D are called harmonic conjugates to 
the points A, B. 

Since the segments AC, CB are measured in the same 
direction, the ratio AC : CB is positive ; and AD, DB 
being measured in opposite directions, their ratio is 
negative. This explains why we say AC : CB = - AD 
: DB. We shall, however, usually omit the sign minus, 
unless when there is special reason for retaining it. 

Cor, — The centres of similitude of two given circles 
are harmonic conjugates, with respect to their centres. 

Prop. 1. — J^ C and D he harmonic eonfuyatea to A and 
B, and i/AB he bisected in 0, then OB is a geometrio 
mean between OC and OD. 

Dem.— AC : CB : : AD : DB ; 

AC-CB AC + CB AD-DB AD + DB 






2 2 2 

or OC : OB : : OB : OD. 

Hence OB is a geometric mean between OC and OD. 

Prop. 2. — If C and D be harmonic confttyates to A and 
B, the circles described on AB and CD as diameters inter^ 
sect each other orthogonally. 

Dem. — Let the ©s inter- 
sect in P, bisect AB in 0; 
join OP; then, by Prop. 2, 
we have OC . OD = 0B» = 0P». 
Hence OP is a tangent to the 
circle CPD, and therefore the Os cut orthogonally. 
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Car, 1. — ^Any O passmg througli the points C and 
D will be cut orthogonally by the Q described on AB 
as diameter. 

Cor, 2. — The points C and D are inverse points with 
respect to the Q described on A£ as diameter. 

Def. — If C a/nd D he harmanie emjugates to A and B, 
AB 18 called a harmonic mean between AC and AD. 

Observation. — This coincides with the the algebraic Defini- 
tion of harmonic mean. 

For AC, AB, AD being three magnitudes, we have 

AC:CB:: AD:BD; 
therefore AC : AD : : CB : BD ; 

that is, the 1st is to the 3rd as the difference between 
the 1st and 2nd is to the difference between the 2nd 
and 3rd, which is the algebraic Definition. 

Cor. — In the same way it can be seen that DC is a 
harmonic mean between DA and DB. 

Prop. 8. — The Arithmetic mean is to the Geometric 
mean as the Geometric mean is to the Sarmonic mean. 

Dem. — ^TJpon AB as diameter describe a © ; erect 
EF at right angles to AB through C ; draw tangents to 
the at £, F, meeting in D ; 
then, since the A OED is right- 
angled at E, and EC is J. to 
OD, we have OC . OD = 0E» 
= 0B«. Hence, by Prop. 1, C 
and D are harmonic conjugates 
to A and B. Again, from the 
same A, we have OD : DE : : DE : DC ; but OD = 
J (DA + DB) = arithmetic mean between DA and DB ; 
and DE is the geometric mean and DC the harmonic 
mean between DA and DB. 

Cor. — The reciprocals of the three magnitudes DA, 
DO, DB are respectively DB, DC, DA, with respect to 
DE' ; but DA, DO, DB are in arithmetical progression. 
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Hence the reciprocals of lines in arithmetical progression 
are in harmonical progression. 

Prop. 4. — Aniline cutting a circle ^ and passing through 
a fixed pointy is cut harmonically hy the circle, the point, 
and the polar of the point. 

Let D be the point, EF its polar, DGH a line cut- 
ting the O in the points G and H, and the polar of D 
in the point J; then the 
points J, D will be har- 
monic conjugates to H and 
G. 

Dem. — ^Let be the cen- 
tre of the O ; from let 
fall the ± OK on HD ; then, 
since K and G are right Z s, 
OKJC is a quadrilateral in a 
O; .•.OD.DC=KD.DJ; butOD.DC=DE»; .-.KD.DJ 
= DE«. Hence KD : DE : : DE : DJ ; and since KD, 
DE are respectively the arithmetic mean and the 
geometric mean between DG and DH, DJ (Prop. 3.) 
will be the harmonic mean between DG and DH. 

The following is the proof usually given of this 
Proposition :— Join OH, OG, CH, CG. Now OD . DC 
= DE« = DH . DG; .-. the quadrilateral HOGG is in- 
scribed in a ; .-. the angle OGH = OGH ; and DGG 
= OHD ; but OGH = OHD ; .-. OGH = DGG. Hence 
HG J = GGJ ; hence G J and GD are the internal and 
external bisectors of the vertical angle GGH of the 
triangle GGH ; therefore the points J and D are har- 
monic conjugates to the points H and G. Q. E. D. 

Cor, 1. — If through a fixed point D any line be 
drawn cutting the © in the points G and H, and if 
DJ be a harmonic mean between DG and DH, the 
locus of J is the polar of D. 

Cor, 2. — In the same case, if DK be the arithmetic 
mean between DG and DH, the locus of K is a O, 
namely, the described on OD as diameter, for the 
Z OKD is right. 
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Prop. 5. — If ABC le a triangle, CE a line through 
the vertex parallel to the hose AB ; then any transversal 
through D, t?ie middle o/AB, will meet CE in a pointy which 
will he the harmonic conjugate 
o/Df with respect to the points 
in which it meets the sides of 
the triangle, 

Dem. — From the similar 
^B PCE, PAD we have 
EE : FD : : CE : AD ; but 
AD = DB; .-.EF: FD::CE 
: DB. 

Again, from the similar 
As CEG, BDG, we have 
CE : DB : : EG : GD ; 

therefore EF : FD : : EG : GD. Q.E.D. 

Dees. — i/* we join the points C, D (see last diagram)' 
the system of four lines CA, CD, CB, CE is called a har- 
monic pencil; each of the four lines is called a ray ; the 
point C is called the vertex of the pencil ; the alternate 
rays CD, CE are said to he harmonic conjugates with 
respect to the rays CA, CB. We shall denote such a 
pencil hy the notation (C . FDGE), where C is the vertex; 
CF, CD, CG, CE the rays. 

Prop. 6. — If a line AB he cut harmonically in C and D, 
and a harmonic pencil (0 . A'BG'D) formed hy joining the 
points A, B, C, D to any 
point ; then, if through C, 
a parallel to OD, the ray 
eonfugate to OC he drawn, ^^ 
meeting OA, OB in G andlS., 
GH will he hisected in C. g/ :y- ^h 



Dem. — 

OD : CH : : DB : BC ; 
andODiGC ::DA: AC; 
but DB : BC : : DA : AC ; A 

OD : CH : : OD : GC. Hence GC 




= CH. 



Cor. — Any tranHveraal A'B'CD' cutting a barmonic 
pencil is cut barmouically. 

For, through C draw G'H' || to GH ; then, by 
Prop. 3, Section I., G'C : C'H' ; : GC : CH ; .■. G'C 
= C'H'. Hence A'B'CD' is cut harmonicaUj-. 

Prop. 7. — Th^ line joining the inUrieetion of two oppo- 
Btte »ide» of a qtiadrilaleral teith the interteetion of it§ 
diagonal* form*, with the third diagonal, a pair ofragi, 
which are harmonic c<nyugate» with these tides. 

Let ABCD be the quadrila- 
teral whoae two eidcB AD, BC 
meet in F ; then the line FO, 
and the third diagonal FE, 
form a pair of conjugate rays 
with FA and FB. 

Dem.— Through draw OH 
II to AD ; meet BC in G, and 
the third diagonal in H. Then ° 

00 = GH (Prop. 8, Section I.)- Hence the pencil 
(F . AOBE) is harmonic. In lite manner the pencil 
(E . AODF) is harmonic. 

Prop, 8. — If four collinear points form a harmonic 
system, their four polar s icith respect to any circle form 
a harmonic pencil. 





Let A, C, B, D be the four points, P the pole of 
their line of collinearity with respect to the X; let 



92 A SEQUEL TO EUCLID. 

be the centre of X. Join OA, OB, OC, OD, and let 
faU the ±8 PA', PB', PC, PD' on these lines; then, 
by Prop. 25, Section I., Book III., PA', PB', PC, PD' 
are the polars of the points A, B, C, D ; and since the 
angles at A', C, B', D' are right, the O described on OP 
as diameter will pass through these points ; and since the 
system A, B, 0, D is harmonic, the pencil (0 . ABCD) 
is harmonic ; but the angles between the rays OA, OB, 
OC, OD are respectively equal to the angles between 
the rays PA', PB', PC, PD' (III., xxi.). Hence the 
pencil (P . A'B'CD') is harmonic. 

Def. — Ihttr points in a circle which connect with any 
fifth point in the circumference hy four line%, forming a 
harmonic pencil, are called a harmonic system of points 
on the circle. 

Prop. 9. — J^ from any point two tangents he drawn 
to a circle, the points of contact and the points of intersec- 
tion of any secant from the same point form a harmonic 
system of points. 

Dem. — Let Q, be the point, QA, 
QB tangents, QCD the secant; 
take any point P in the circumfe- 
rence of the O, and join PA, PC, 
PB, PD ; then, since AB is the 
polar of Q, the points E, Q are 
harmonic conjugates to C and D ; 
.". the pencil (A . QCED) is har- 
monic ; but the pencil (P . ACBD) 
is equal to the pencil (A . QCED), 
for the angles between the rays of one equal the angles 
between the rays of the other ; therefore the pencil 
(P . ACBD) is harmonic. Hence A, C, B, D form a 
harmonic system of points. 

Cor. I. — If four points on a O form a harmonic 
system, the line joining either pair of conjugates 
passes through the pole of the line joining the other 
pair. 

Cor. 2. — If the angular points of a quadrilateral 
inscribed in a O form a harmonic system, the rectangle 
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contained by one pair of opposite sides is equal to the 
rectangle contained by the other pair. 

Prop. 10. — If through any point two lines he drawn 
cutting a circle in four points, then joining these points 
loth directly and transversely ; and if the direct lines meet 
in P wnd the transverse lines meet in Q, the line PQ will 
he the polar of the point 0. 




Dem. — Join OP ; then the pencil (P . OAEB) is har- 
monic (Prop. 7); .-. the points 0, E are harmonic 
conjugates to the points A, B. Hence the polar of 
passes through E (Prop. 4). In like manner, the 
polar of passes through F ; .*. the line PQ, which 
passes through the points E and F, is the polar of 0, 

Q. E. D. 

Cor. 1. — If we join the points and Q, it may be 
proved in like manner that OQ is the polar of P. 

Cor. 2. — Since PQ is the polar of 0, and OQ the 
polar of P, then ( Cor. 1, Prop. 16, Section I., Book III.) 
OP is the polar of Q. 

Dkp. — Triangles such as OPQ, which possess the pro- 
perty that each side is the polar of the opposite angular 
point with respect to a given circle, a/re called self-con^ 
jugate triangles with respect to the circle. Again, if we 
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eansider the four points A, B, C, D, they are joined hy 
three pairs of lines, which intersect in the three points 
Oy F, Q respectively ; then, on account of the harmonic 
properties of the quadrilateral ABCD and the triangle 
OPQ, I propose to call OPQ the harmonic triangle of the 
quadrilateral. 

Prop. 11. — If a quadrilateral he inscribed in a circle^ 
and at its angular points four tangents he drawn, the six 
points of intersection of these four tangents lie in pairs on 
the sides of the harmonic triangle of the inscribed quadri- 
lateral, 

Dem. — Let the tangents at A and B meet in K (see 
fig., last Prop.) ; then the polar of the point K passes 
through 0. Hence the polar of passes through K ; 
therefore the point K Ues on PQ. In like manner, 
the tangents at G and D meet on PQ. Hence the Pro- 
position is proved. 

Cor, l.-r-Let the tangents at B and C meet in L, at 
C and D in M, at A and D in K ; then the quadrilateral 
KLMIS" will have the lines KM (PQ) and LN (OQ) as 
diagonals ; therefore the point Q is the intersection of 
its diagonals. Hence we have the following theorem : — 
If a quadrilateral he inscribed in a circle, and tangents be 
drawn at its angular points, forming a circumscribed 
quadrilateral, the diagonals of the two quadrilaterals are 
concurrent, and form a harmonic pencil. 

Cor, 2. — The tangents at the points B and D meet 
on OP, and so do the tangents at the points A and C. 
Hence the line OP is the third diagonal of the quadrila- 
teral KLMN ; and the extremities of the third diagonal 
are the poles of the lines BD, AC. Now, since the lines 
BD, AC are harmonic conjugates to the lines QP, QO, 
the poles of these four lines form a harmonic system 
of points. Hence we have the following theorem : — 
If tangents be drawn at the angular points of an inscribed 
qtiadrilateral, forming a circumser^ed quadrilateral, the 
third diagonals of these two quadrilaternds are coincident ^ 
and the extremities of one are harmonic conjugates to 
the extremities of the other. 
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SECTION IV. 
Theokt of Inveesion.* 

Dep. — IfX. he a circle, its centre^ P and Q, two paints 
on any radius, such that the rectangle OP . OQ = square 
of the radiusy then P and Q, are called inverse points 
with respect to the circle. 

If one of the points, say Q, de- 
scribe any curve, a circle for in- 
stance, the other point P wiU 
describe the inverse curve. 

We have already given in Book 
III., Section I., Prop. 20, the in- 
version of a right line; in Book IV., 
Section I., Prop. 7, one of its most important appli- 
cations. This section wiU give a systematic account 
of this method of transformation; one of the most 
elegant in Geometry. 

Prop. 1. — The inverse of a circle is either a Une or a 
circle, according as the centre of inversion is on the cir- 
cumference of the circle or not on the circumference, 

Bern. — ^^We have proved the first case in Book III. ; 
the second is proved as 
follows : — Let Y be the 
O to be inverted, the 
centre of inversion ; take 
any point P in Y ; join 
OP, and make OP . OQ 
= constant (square of ra- 
dius of inversion) ; then 
Qis the inverse of P: it is required to find the locus of 
Q. Let OP produced, if necessary, meet the O Y again 

* This method, one of the most impoitant in the whole range of 
G^metry, is the joint discovery of Doctors Stubbs and Ingram, 
Fellows of Trinity College, Dublin (see the TransaetUma of the 
Dublin Philosophical Society, 1842). The next writer that 
employed it is Sir WiUiam Thompson, who by its aid gave geo- 
metrical proofs of some of the most difficult propositions in the 
Mathematical Theory of Electricity (see Clerk Maxwell on 
"Electricity," Vol. I., Chapter xi.). 
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at E ; then the rectangle OF . OR = square of tangent 
from (III. xxxvi.), and .*. = constant, and OP . OQ 
is constant (hyp.) ; .". the ratio of OP . OR : OP . OQ 
is constant : hence the ratio of OR : OQ is constant. 
Let C be the centre of Y ; join OC, OR, and draw QD 
II to CR. Now OR : OQ : : CR : QD; .-. the ratio of 
GR : QD is constant, and CR is constant; .*. QD is 
constant. In like manner OD is constant ; .*. D is a 
given point; .*. the locus of Q is a O, whose centre 
is the given point D, and whose radius is DQ. 

Car. 1. — ^The cenl^e of inversion is the centre of 
similitude of the original circle Y, and its inverse. 

Cor, 2. — The cirde Y, its inverse, and the circle of 
inversion are coaxal. For if the Y be cut in any 
point by the O of inversion, the inverse to Y will 
pass through that point. 

Prop. 2. — If two circles, or a line and a drcUf touch 
each other, their inverses will also touch each other. 

Dem. — If two 0s^ or a line and a touch each other, 
they have two consecutive points common ; hence their 
inverses will have two qonsecutive points common, and 
therefore they touch each other. 

Prop. 8. — J[f two circles J or a line andadrchj intersect 
each other, their angle of intersection is equal to the angle 
of intersection of their inverses. 

Dem.— Let PQ, PS be 
parts of two s inter- 
secting in P ; let be the 
centre of inversion. Join 
OP ; let Q and 8 be two 
points on the s very 
near P. Join OQ, OS, PQ, 
PS ; and let R, XJ, V be 
the inverses of the points 
P, Q, S. Join XJR, YR, 
and produce OP to X. 
"Now, from the construc- 
tion, TJ and V are points O 

on the inverses of the 0s PQ, PS. And since the rect- 
angle OP . OR s rectangle OQ . OXJ, the quadrilateral 
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EPQTJ is inscribed in a ; .-. the Z OETJ = OQP ; 
and when Q is infinitely near P, the Z OQP = QPX ; 
.*. the Z ORTJ is ultimately = QPX. In like manner, 
the Z ORV is ultimately equal to the Z SPX ; .-. the 
Z XJRV is ultimately equal to the Z QPS. Now 
QP, SP are ultimately tangents to their respective 
circles, and .*. the Z QPS is their angle of intersection, 
and XJRV is the angle of intersection of the inverses 
of the circles. Hence the Proposition is proved. 

Prop. 4. — Any two circles can he inverted into them^ 
selves. 




Dem. — Take any point in the radical axis of the 
two Os ; and from draw two lines OPP', OQQ', 
cutting the ©s in the points P, P', Q, Q'; tiien the 
rectangle OP . OP' = the rectangle OQ . OQ' = square of 
tangent from to either of the circles, and .*. equal 
to the square of the radius of the circle whose centre 
is 0, and which cuts both circles orthogonally. Hence 
the points P', Q! are the inverses of ti^e points P and 
Q with respect to the orthogonal circle ; and therefore 
while the points P, Q move along their respective 
circles, their inverses, the points P', Q', move along 
other parts of the same circles. 
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Cot. 1. — The circle of self-inyersioiL of a giyen circle 
cuts it orthogonally. 

Cor, 2. — ^Any tluree circles can be inverted into them- 
selves, their circle of self -inversion being the circle 
which cuts the three circles orthogonally. 

Cor, 3. — If two circles be inverted into themselves, 
the line joining their centres, namely ABCD, will be 
inverted into a circle cutting both orthogonally ; for 
the line ABCD cuts the two circles orthogonally. 

Cor, 4. — Any circle cutting two circles orthogonally 
may be regarded as the inverse of the line passing 
through their centres. 

Cor, 5, — If ABCD be the line passing through the 
centres of two circles, and A'B'CI)' any circle cutting 
them orthogonally ; then the points A', B', C, D' being 
respectively the inverses of the points A, B, C, D, the 
four lines AA', BB', CC, DD' will be concurrent. 

Cor, 6. — ^Any three circles can be inverted into three 
circles whose centres are collinear. 

Prop. 5. — An^ two eirelea can he inverted into two 
eqtml circles, 

Dem. — ^Let X, Y be the original ©s, r and r' their 
radii ; let V, "W be the in- 
verse Os, p and p' their 
radii; and let be the 
centre of inversion, and T, 
T' the tangents from O to 
X and Y, and E the radius 
of the circle of inversion. 
Then, from the Demonstra- 
tion of Prop. 1, we have 

r : p : : T* : R' ; 

r' : p' : : T'* : R». 

Hence, since p * p', we have 

r : r' :: T": T^; 

.-. the ratio of T* : T^ is given; and, consequently, the 
ratio of T : T' is given. Hence if a point be found, 
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Bucli that the tangents drawn from it to the two Os 
Xy T will be in the ratio of the square roots of their 
radii, and if X, T, be inverted from that point, their 
inverses will be equal. It will be seen, in the next 
Section, that the locus of is a circle coaxal wit^ X 
andY. 

Cor. 1. — Any three circles can be inverted into three 
equal circles. 

Cor, 2. — Hence can be inferred a method of de- 
scribing a circle to touch any three circles. 

Cor, 3. — ^If any two circles be the inverses of two 
others, then any circle touching three out of the four 
circles will also touch the fourth. 

Cor, 4. — If any two points be the inverses of two 
other points, the four points are concyclic. 

Prop. 6. — If K and B he any two potntSy a centre 
of inversion; and if the inverses ofA,B be the points 
A', B', andpy p\ the perpendicuhrs from on the lines 
AB, A'B'; then AB : A'B' ',:pip\ 

Dem. — Since is the centre of inversion, we have 

OA.OA'= OB .OB'j 

therefore OA : OB : : OB' : A'. 

And the angle is common to the two As AOB, A'OB' ; 
.*. the As are equiangular. Hence the Proposition is 
proved. 

Prop. 7. — If ^y B, C . . . L Jtf any number of eol- 
linear points, we have 

AB + BC + CD. . + LA = 0. 

(Since LA is measured backwards, it is regarded as 
negative.) Now, let p be the J- from any point on 
the line AL ; and, dividing by p, we have 

AB BC CD LA ^ 
p p p p 

Let the whole be inverted from ; and, denoting tibe 

h2 
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inverses af the points A, B, C . . . L by A', B', C . . . 
L', we have from the last Article the following general 
theorem : — If a polygon A'B'C . . . L' of any number 
of sides he inscribed in a circle ^ and if from any point 
in its circumference perpendiculars he let fall on the sides 
of the polygon; then the sum of the quotients ohtained hy 
dividing the length of each side hy its perpendicular is 
zero. 

Cor. 1. — Since one of the -Ls must fall externally 
on its side of the polygon, while the other Xs fall in- 
ternally, this -L must have a contrary sign to the re- 
mainder. Hence the Proposition may be stated thus : — 
The length of the side on which the perpendicular falls 
externally, divided hy its perpendicular , is equal to the sum 
of the quotients arising hy dividing each of the remaining 
sides hy its perpendictUar. 

Cor. 2. — ^Let there be only three sides, and let the 
J.S be a, )9, y ; then, il a, h, c denote the lengths of 
the sides, &c.; 

a h c ^ 

a ^ y 

Prop. 8. — J^ A, B, 0, D he four collinear points, Af, 
B', C, jy the four points inverse to them; then 

AC . BD A'C . B'D' 



AB . CD A'B' . CD'' 




Dexn.-^Let be the centre of inversion, and p the 
JL from on the line ABCB ; and let the J.s &om 
on the lines A!W, A'C, BO)', CD' be denoted -by a, B, 
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y, 8. Then, by Prop. 6, we have the following eqnali- 
ties: — 

y 



CD = 



a 



Hence mnltiplying, and remembering that the rectangle 
fiyiB equal to the rectangle a3 (see Prop. 11, Section I., 
Book ni.), we get 

AB.CD " A'B'.CO)'* 
Cor. 1.— 

AC . BD : AB . CD : AD . BC 

: : A'C . BO)' : A'B' . CD' : AO)' . B'C. 

Cor. 2. — If the points A, B, C, D form a harmonic 
system, the points A', B', C, D' form a harmonic system. 
In other words, the inverse of a harmonic system of. 
points forms a harmonic system. 

Cor. S.—Ii AB = BC ; then the points A', B', C, 
form a harmonic system of points. 

Prop. 9. — If two circles be inverted into two others, the 
square of the common tangent of the first pair, divided by 
the rectangle contained by their diameters, is equal to the 
square of the common tangent of the second pair, divided 
by the rectangle contained by their diameters. 
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Bdm.— Let X, Y be the original 08, X', Y' their 
inverse ©a, ABCD the line through the centres of X 
and Y, and let the inverse of the line ABCD be the 
A'B'C'D' ; then, since the line ABCD cuts orthogonally 
the 0s X, Y, its inverse, the A'B'C'D', cuts orthogo- 
nally the 0s X', Y'. Let ahod be the line through the 




eenties of the 0s X', Y'; then abed cuts the 0s X', 
Y' orthogonally ; hence the A'B'C'D' is the inverse 
of the line abed with respect to a of diversion, which 
inverts the 0s X', Y' into themselves (see Prop. 4, 
C^r, 3). Hence, by Prop. 9, each of the ratios 



AC .BD ac , hd 
AB . CD' ah . cd 



is equal to the ratio 



A^C^ . B^D ^ 
CD'' 



therefore 



A'B' 
AC . BD ac.hd 



AB . CD ab.ed' 
The numerators of these fractions are equal respectively 
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to the squares of the common tangents of the pairs of 
circles X, Y ; X', Y' (see Prop. 8, SectioA I., Book III). 
Hence the Proposition 
is proved. 

Cor. l.—Ji Ci, C2, 
Ciy &0., be a series of 
circles, touching two 
parallel lines, and also 
touching each other; 
then it is evident, by making the diagram, that the 
square of the direct common tangent of any two of 
these circles, such as C^y Cm^», which are separated by 
(n - 1) circles, is = n' times the rectangle contained by 
their diameters. Hence, by inversion and by the theo- 
rem of this Article, we have the following theorem : — 
if A and B he any two semicircles in contact with each 
other, and also in contact with another semicircle^ on 
whose diameter they a/re described; and if circles 0^ C2, Q% 
he described, tottchiny them as in the diayram, the J. 
Jrom the centre of C^ on the line AB = n times the 
diameter of C„, where n denotes any of the natitral num- 
hers 1, 2, 3, i^c. 

This theorem will immediately follow by completing 
the semicircles, and describing another system of circles 
on the other side equal to the system Gi, C2, Cs, &c., and 
similarly placed.* 

Prop. 10. — If four circles he all touched by the same 

circle; then, denotiny by 12, the common tanyent of the 
1st and 2nd, Sfc, 



12 . 34 + 14 . 23 = 13 . 24. 



Dem. — ^Let A, B, C, D be four points taken in order 
on a right line ; then, by Prop. 7, Section I., Book II., 

we have 

AB . CD + BC . AD = AC . BD. 

IS'ow, let four arbitrary circles touch the line at the 

* The theorem of this Cor. is due to Pappus. See Steiner'a 
Gesammelte Werke, Band I., Seite 47. 
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points A, B, C, D, and let their diameters be S, B\ Sf'f 
S'" ; then we have 

AB . CD BC . AD AC . BD 



v/88' . ^S"S"' -/8'8" . v/88'" -/88" . ^/S'^'" ' 

and by the last Proposition each of the fractions of this 
equation remains unaltered by inversion. Hence, if the 
diameters of the inverse circles be denoted by d, d', d", dl"^ 

and their common tangents by 12, &c.y we get 
12 . 34 23*. ir 13 . 24 



^/dd' . ^d"d"' y/^d" . ^^"d ^dd" . ^d'^' ' 

Hence 12 . 34 + 23 . 14 = 13 . 24.* 

Car. 1. — ^If four arbitrary circles touch a given circle 
at a harmonic system of points ; then 

12 . 34 = 23 . 14. 

Cor. 2. — The theorem of this Proposition may be 
written in the form 



12 . 34 + 23 . 14 + 31 . 24 = 0; 

and in this form it proves at once the property of the 
<* Nine-points Circle." For, taking the ©s 1, 2, 3, 4 
to be the inscribed and escribed Os of the A, and re- 
membering that when Os touch a line on different 
sides, we are, in the application of the foregoing theo- 
rem, to use transverse common tangents. Hence, 
making use of the results of Prop. 1, Section I., Book 
IV., we get 

T2 . 34 + 23 .14 + 31 .24 
= ^a - o» + o» - «« + fl» - *» = 0. 

Hence the Os 1, 2, 3, 4, are all touched by a fifth O. 

This theorem is due to Feuerbach. The following 

simple proof of this now celebrated theorem was pub- 

* This extension of Ptolemy's Theorem first appeared in a 
Paper of mine in the Ftoeeedings of the Boyal Irish Academy, 1866. 
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lished by me in the Qua/rterly Journal for February, 
1861 :— 

" ijT ABO he a plane triangle, the circle passing through 
the feet of its perpendieidari touches its inscribed and 
efcrihed eireles.^^ 




Dem. — Let the inscribed and escribed ©s be de- 
noted by 0, 0', 0", 0'", the circumscribed by X, 
and the © through feet of Xs by S. Now, if P be 
the intersection of Xs, and if the lower segments of 
JLs be produced to meet X, the portions intercepted 
between P and X are bisected by the sides of ABC 
(Prop. 13, Section I., Book III.). Hence 2 passes 
through the points of bisection, and therefore P is the 
external centre of similitude of X and 2. 

Let DE be the diameter of X, which bisects BO. 
Join PD, PE, and bisect them in G and H ; then S 
must pass through the points Ot and H ; and since GH 
is II to DE, GH must be the diameter of S ; and since 2 
passes through F, the middle point of BC (see Prop. 5, 
Section I., Book IV.), the Z GFBE is right. Again, 
if from the point D three J.s be let fall on the sides of 
ABO, their feet are collinear, and the line of colli- 
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neaiity eyidently ifl J. to AD and it bisects PB (see 
Prop. 14, Section I., Book III.). Hence FQ- is the line 
of collineanty, and YOt is X to AD. Let M be the 
point of contact of with BC ; join GM, and let fall 
the J. HS. Kow, since EM is a tangent to O, if from 
N we draw another tangent to 0, we have FM? = FN* 
+ square of tangent from N (Prop. 21, Section I., 
Book III.) ; but FM = i (AB - AC). Hence FM» 
- FR . FI (Prop. 8, Cor. 5, Section I., Book IV.) 
= FK . FI^ ; .-. square of tangent from N = F^N" . NK. 
Again, let QT be the tangent from G tb ; then GT* 
= square of tangent from N + GN^ = F^N" . NK + GN* 
= GF''. Hence the © whose centre is G and radius 
GF will cut the circle O orthogonally ; and .-. that © 
will invert the circle O into itself, and the same © 
will invert the line BC into ]S ; and since BC touches 0, 
their inverses will touch (Prop. 2). Hence 2 touches 
0; and it is evident that S is the point of contact. 

In like manner, if M' be the point of contact of O' 
with BC, and if we join GM', and let fall the ± HS' 
on GM', S' will be the point of contact of S with 0'. 

Cor, — The circle on FE as diameter cuts the circles 
0, 0' orthogonally. 

Prop. 11. — De, Haet's Extension op Fexteebach's 
Theoeem : — If the three sides of a plane triangle he re- 
placed hy three circles^ then the circles touching these, which 
correspond to the inscribed and escribed circles of a pUme 
triangle, are all touched hy another circle. 

Bern. — Let the direct common tangents be denoted, 

as in Prop. 11, by 12, &c., and the transverse by 12', 
&c., and supposing the signs to correspond to a A whose 
sides are in order of magnitude a, h, e; then we have, 
because the side a is touched by the © 1 on one side, 
and by the ©s 2, 3, 4 on the other side, 

12'. 34 + 14'. 23= iF. 24; 

12'. 34 + 24'. 13 = 23'. 14; 

13"'. 24 + 34'. 12 = 23'. 147 

Hence 14' . 23 + 34' . 12 = 2? . iT; 
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showing that the four circles are all touched by a circle 
having the circle 4 on one side, and the other three 
circles on the other. This proof of Dr. Hart's exr 
tension of Eeuerbach's theorem was published by me in 
the Proeeeding8 of the Royal Irish Academy in the year 
1866. 

Prop. 12. — If two circles X, Y he so related that a 
triangle may he inscribed in X and described about T, the 
inverse of "K. with respect to Y is the ^^Nine-points Circle^* 
of the triangle formed by joining the points of contact 
onY, 

Dem. — Let ABC be the A 
inscribed in X and described 
about Y ; and A'B'C the A 
formed by joining the points 
of contact on Y. 

Let 0, 0' be the centres ^\ 
of X and Y. Join O'A, inter- 
secting B'C in D ; then, evi- 
dently, D is the inverse of 
the point A with respect to 
Y, and D is the middle point of B'C. In like manner, 
the inverses of the points B and C are the middle 
points C'A' and A'B'; .*. the inverse of the © X, which 
passes through the points A, B, C with respect to Y, 
is the O which passes through the middle points of 
B'C, CA', A'B', that is the "Nine-points Circle" of the 
triangle A'B'C. 

Cor. 1. — If two ©s X, Y be so related that a A in- 
scribed in X may be described about Y, the © in- 
scribed in the A, formed by joining the points on Y, 
touches a fixed circle, namely, the inverse of X with 
respect to Y. 

Cor, 2. — In the same case, if tangents be drawn to 
X at the points A, B, C, forming a new A A"B"C', 
the © described about A"B"C" touches a fixed circle. 

Cor. 3. — Join 00', and produce to meet the © X in 
the points E and E, and let it meet the inverse of X 
with respect to Y in the points P and Q ; then PQ is 
the diameter of the ''Kine-points Circle" of the A 
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A'B'C, and is .-. = to tte radiuB of T. Now, let the 
radii of X and Y be R, r, and let the distance 00' be- 
tween their eentrea be denoted by 8 ; then we have, 
1>ecause F ia the inveiee of E, and Q of F, 



OT 



0-Q- 



R+S 
OT + O'Q = PQ = 



B + 6 



E-« 



a result already proved by a different method (see 
Frop. 11, Section I.)- 

Prop. 13. — ^ a variailt chord of a circle mbtend a 
right angle at a fixed point, the locut of itt pole it a eirele. 




Sent. — ^Let X he the given circle, AS the variable 
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chord whicli subtends a right Z at a fixed point P ; 
AE, BE tangents at A and B, then E is the pole of 
AB : it is required to find the locus of E. Let be 
the centre of X. Join OE, intersecting AB in I ; then, 
denoting the radius of X by r, we have OP + AI' = r* ; 
but AI = IP, since the Z APB is right; .-. OP + IP 
= r*; .'.in the A OIP there are given the base OP in 
magnitude and position, and the sum of the squares of 
01, IP in magnitude. Hence the locus of the point I 
is a O (Prop. 2, (7or., Book II.). Let this be the O 
IKR. Again, since the Z OAE is right, and AI is J. 
to OE, we have 01 . OE = OA^ = r^ Hence the point 
E is the inverse of the point I with respect to the © 
X ; and since the locus^ of I is a O, the locus of E will 
be a circle (see Prop. 1 ). 

Prop. 14. — ]^ two ctrcles, whose radii mr$ E, r, and 
distance between their centres 8, he such that a quadrt- 
lateral inscribed in one is circumscribed about the other ; 
then 

1 1 1 

(R + hf "^ (R - hf " r>* 

Bern. — Produce AP, BP (see last fig.) to meet the 
O X again in the points and D ; then, since the 
chords AD, DC, CB subtend right Zs at P, the poles 
of these chords, viz., the points H, Q-, P, will be points 
on the locus of E ; then, denoting that locus by T, we 
see that the quadrilateral KFGH is inscribed in Y and 
circumscribed about X. Let Q be the centre of Y ; then 
radius of Y = R, and OQ = 8. Now, since N is a point 
on the locus of I (see Dem. of last Prop.), ON* + PN* 
= r» ; but PN = OR ; .-. ON'* + OR* = r». Again, let 
OQ produced meet Y in the points L and M ; then 
L and M are the inverses of the points N and R with 
respect to X. Hence 

ON.OL = r»; that is ON. (R + 8) = r»; 
therefore ON = = — =. 



or 
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In like manner, OR = ^3g J 

but we have proved ON' + OR* = r* ; 

therefore ^^^j^^ + p^-Tgy " "^'^ 

(R+S)« (R-S)» r»' 

This Proposition is an important one in the Theory of 
Elliptic Fnnctions (see Durege, Theorie der EUiptUehen 
Funetianeny page 186). Our proof is as simple and ele- 
mentary as could be desired. For another proof, by 
R. F. Davis, M.A., see Hducatioml Times^ vol. xxxii. 

Prop. 15. — IfKBQ he a plane triangle, AD, BE, Q'Eits 
perpendiculars, their point of intersection, then the four 
circles whose centres are ^^ B, C, 0, 
<m<? the squares of whose radii are 
respectively equal to the rectangles 
AO .AD, BO . BE, CO . CF, 
A . OD, are mutually orthogonal. 

Dem.— AO . AD + BO . BE 
= AF . AB + BF . BA = AB». 
Hence the sum of the squares 
of the radii of the Os whose 
centres are the points A, B = AB'; .*. these Os cut 
orthogonally. Similarly the Os whose centres are C 
and A cut orthogonally. 

Again, let us consider the fourth O, whose centre is 
the point 0, and the square of whose radius is = to the 
recttmgle OA . OD. Now, since OA and OD are mea- 
sured in opposite directions, they have contrary signs ; 
.'. the rectangle OA . OD is negative, and the O has a 
radius whose square is negative; hence it is imaginary ; 
but, notwithstanding this, it fulfils the condition of in- 
tersecting the other Os orthogonally. For AO . AD + 
OA . OD = AO . AD - AO . OD = AO'; that is, the 
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snm of the squares of the radii of the circles whose 
centres are at the points A, s AO'. Hence these 
circles cut orthogonally. 

Observation. — In this Demonstration we have made the A 
acute-angled, and the imaginary is the one whose centre is at 
the intersection of the ±8, and the three others are real; but if 
the A had an obtuse angle, the imaginary O would be the one 
whose centre is at the obtuse angle. 

Prop. 16. — If four circles he mutually orthogonal^ and 
if any figure he inverted with respect to each of the four 
circles in succession^ the fourth inversion will coincide with 
the original figure. 

Dem. — It will plainly be 
sufficient to prove this Pro- 
position for a single point, 
for the general Proposition 
will then follow. Let the 
centres of the four Os be 
the angular points of A, B, 
C of a A, and the inter- 
section of its J.S : the ^ 
squares of the radii will 
be AB .AT, BA . BP, - 
CO . OF, CP . OP. Now 
let P be the point we operate on, and let P' be its in- 
verse with respect to [the © A, and P" the inverse of 
P' with respect to the O B. Join P"0 and CP meeting 
in P"'. Now, since P' is the inverse of P with respect 
to the O A, the square of whose radius is AB . AP, 
we have AB . AP = AP . AP'; .-. the A APP is equi- 
angular to the A AP'B ; .'. Z APP = AP'B : in like 
manner the Z BPP" = AP'B, .-. the As APP, BP"P 
are equiangular, .-. rectangle AP . PB = PF . PP". 
Again, because is the intersection of the J.s of the 
A ABC, AP . PB = CP . OP. Hence CP . OF = 
PF . FP", and the Zs CFP and OFP" are equal, since 
the Zs AFP and BFF'are equal ; .-. the As P"FO and 
CFP are equiangular, and the Zs OP"F and PCF are 
equal ; hence the four points C, P", F, P'" are concyclic ; 
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.-. rectangle OF' . OP'" = rectangle 00 . OF ; the point 
P"' is the inverse of P" with respect to the O whose 
centre is 0, and the square of whose radius is the 
negative quantity OC . OD. Again, the Z OFF 
= P"FO = OP"'P, .-. the four points 0, F, F", P 
are concyclic; .-. CP . CF" = CO . CF, and the point P 
is the inverse of P'" with respect to the © whose centre 
is 0, and the square of whose radius is the rectangle 
CF . OF. Hence the Proposition is proved. 

The foregoing theorem is important in the Theory 
of Elliptic Functions, as on it depends the reduction of 
the rectification of Bicircular and Sphero-Quartics to 
Elliptic Integrals (see Phil, Trans. y vol. 167, Part ii., 
'* On a New Form of Tangential Equation"). 

The following elegant proof, which has been com- 
municated to the author by "W. S. M'Cay, F.T.C.D., 
depends on the principle (Miscellaneous Exercises, 
1^0. 60), that a circle and two inverse points invert into 
a circle and two inverse points. 

Invert the four orthogonal circles from an intersec- 
tion of two of them and we get a circle (radius K), two 
rectangular diameters, and an imaginary concentric 

circle (radius R^-l), Suc- 
cessive inversions with respect 
to these two circles turn P into 
Q (OP = - OQ) ; and successive 
reflexions in the two diameters 
bring Q back to P. 

This theorem can be extend- 
ed to surfaces, thus : "If five 
spheres be mutually orthogonal, 
and if any surface be inverted 
with respect to each of the five spheres in succession, 
the fifth inversion wiU coincide with the original 
surface." 
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SECTION V. 

Coaxal Cibcles. 

In Book III., Section I., Prop. 24, we have proved 
the following theorem: — 
^^ If from any point P tan- 
gents he drawn to two circlesy 
the difference of their squares 
is equal twice the rectangle 
contained hy the perpendicu- 
lor let fall from P on the 
radical axis and the distance 
heiween their eentres,^^ 

The following special cases of this theorem are 
deserving of notice : — 

(1). Let P be on the circumference of one of the circles, 
and we have — If from any point P in the circumference 
of one circle a tangent be drawn to another cirde, the 
square of the tangent is equal twice the rectangle con- 
tained hy the distance hetween their centres and the per- 
pendieular from V on the radical axis. 

(2). Let the circle to which the tangent is drawn be 
one of the limiting points, then the square of the line 
drawn from one of the limiting points to any point of a 
circle of a coaxal system varies as the perpendicular from 
that point on the radical axis. 

(3). If H, Y, Z he three coaxal circles, the tangents 
drawn from any point of Z to X. and T are in a given 
ratio. 

(4). If tangents drawn from a variable point P to two 
given circles X and T have a given ratio, the locus of P is 
a circle coaxal with X and T. 

(6). The circle of similitude of two given circles is 
coaxal with the two circles. 
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(6). If A and B he the painte of eantaet, iipon two 
circles X and Y, of tangents drawn from any point of 
their circle of similitudef then the tangent from A to Y^ 
is equal to the tangent from B ^ X. 

Prop. 2. — Ilco circles being given, it is required to 
describe a system of circles coaxal with them. 

Con. — ^If the circles have real points of intersection, 
the problem is solved by describing circles through 
these points and any thuxl point t^en arbitrarily. 

If the given circles have not real points of intersec- 
tion, we proceed as follows : — 

Let X and T be the given Os, P and Q their 
centres : draw AB, the radical axis of X and Y, inter- 
secting PQ in : from draw two tangents OC, OD 




to X and Y ; then OC = OD, and the O described with 
O as centre and OD as radius will cut the two Os X 
and Y orthogonally. Now take any point E in this 
orthogonal 0» and draw the tangent EB meeting the 
line PQ in B : from B as centre, and BE as radius, 
describe a O Z ; then Z will be coaxal with X and Y. 
£or the line EB being a tangent to the O CDE, the 
Z OEB is right, .'. OE is a tangent to Z; and since 
OD s OE, the tangents from to the Os Y and Z are 
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equal : hence OA is the radical axis of Y and Z ; .*. the 
three Os X, T, Z are coaxal. In like manner, we can 
get another circle coaxal with X and Y by taking any 
other point in the O CDE, and drawing a tangent, and 
"repeating the same construction as with the O Z. In 
this way we evidently get two infinite systems of circles 
coaxal with X and Y, namely, one system at each side 
of the radical axis. The smallest circle of each system is 
a point, namely, the point at each side of the radical 
axis in which the line joining the centres of X and Y 
cuts the O ODE. These are the limiting points, and in 
this point of view we see that each limiting point is to be 
regarded as an infinitely small circle. The two infinite 
systems of circles are to be regarded as one coaxal sys- 
tem, the circles of which range from infinitely large to 
infinitely small — ^the radical axis being the infinitely 
large circle, and the limiting points the infinitely 
small. 

Cor, 1. — No circle of a system with real limiting 
points can have its centre between the limiting points. 

Cor, 2, — The centres of the circles of a coaxal system 
are collinear. 

Cor, 3. — The circle described on the distance between 
the limiting points as diameter cuts all the circles of the 
system orthogonally. 

Cor. 4. — Every circle passing through the limiting 
points cuts all the circles of the system orthogo- 
nally. 

Cor, 6. — The limiting points are inverse points with 
respect to each circle of the system. 

Cor. 6. — The polar of either limiting point, with 
respect to every circle of the system, passes through 
the other, and is perpendicular to the line of collinearity 
of their centres. 

Prop. 8. — Jff" two circles X and Y cut orthogonaUyy the 
polar with respect to X of any point K in Y passes 
through B, the point diametrically opposite to A. 

i2 
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This is Prop. 26, Book III., Section I. The follow- 
ing are important deductions : — 

Cor, 1. — The circle 
described on the line 
joining a point A to any 
point E in its polar, 
with respect to a given 
circle, cuts that circle 
orthogonally. 

Cor. 2.— The inter- 
section of the ±s of the 
A formed by a pair of 
conjugate points A, E, 
with respect to a given circle and its centre 0, is the 
pole of the line AB. 

Cor, 3. — The polars of any point A with respect to 
a coaxal system are concurrent. For, through A and 
through the limiting points describe a © : this ( Cor, 4, 
Prop. 2) will cut all the ©s orthogonally, and the 
polars of A 'with respect to all the ©s of the system 
will pass through the point diametrically opposite to 
A on this orthogonal © ; hence they are concurrent. 

Cor, 4. — If the polars of a variable point with respect 
to three given ©s be concurrent, the locus of the point 
is the © which cuts the three given ©s orthogonally. 

Prop. 4. — If Xi, Xa, X3, &c., he a system of coaxal 
circles f and if Y he any other circle^ then the radical axes 
of the pairs of circles Xi, Y ; X2, Y ; Xs, Y, &c., are 
concurrent, 

Dem. — The two first meet on the radical axis of Xi, 
Xa ; the second and third on the radical axis of Xa^ 
X3 ; but this, by hypothesis, is the radical axis of Xi, 
Xa ; hence the Proposition is evident. 

Prop. 5. — If two circles cut two other circles orthogo- 
nally , the radical axis of either pair is the line joining the 
centres of the other pair, 

Dem. — Let X, Y be one pair cutting "W, V, the other 
pair, orthogonally ; then, since X cuts W and Y ortho- 
gonally^ the tangents drawn from the centre of X to W 
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and Vare equal; hence the radical axis of Wand Vpasses 
through the centre of X. In like manner the radical 
axis of W and V passes 
through the centre of 
Y; .'. the line joining 
the centres of the Os 
X and Y is the radical 
axis of the 0s W and 
V. In the same way- 
it can be shown that 
the line joining the 
centres of W and Y is 
the radical axis of X and Y. 

Cor. 1. — If one pair of the 08, such as Wand V, do 
not intersect, the other pair, X, Y, will intersect, because 
they must pass through the limiting points of W and Y. 

Cor, 2. — Coaxal s maybe divided into two classes — 
one system not intersecting each other in real points, 
but haying real limiting points ; the other system in- 
tersecting in real points, and having imaginary limiting 
points. 

Cor, 3. — If a system of circles be cut orthogonally by 
two circles they are coaxal. 

Cor. 4. — If four circles be mutually orthogonal, the 
six lines joining their centres, two by two, are also their 
radical axes, taken two by two. 

Prop. 6. — If a system of concentric circles he inverted 
from any arbitrary point, the inverse circles will form a 
coaxal system, 

Dem. — Let be the centre of inversion, and P the 
common centre of the concentric system. Through P 
draw any two lines : these lines will cut the concentric 
system orthogonally, and therefore their inverses, which 
will be two circles passing through the point and 
through the inverse of P, will cut the inverse of the 
concentric system orthogonally ; hence the inverse of 
the concentric system will be a coaxal system (Prop. 5, 
Cor, 3). 

Cor, 1. — The limiting points will be the centre of 
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inversion, and the inverse of the common centre of 
the original' system. 

Cor. 2. — If a variahle circle touch two concentric 
circles, it will cnt any other circle concentric with them 
at a constant angle. Hence, by inversion, if a variable 
circle touch two circles of a coaxal system, it will cut 
any other circle of the system at a constant angle. 

Cwr. 3. — If a variable circle touch two fixed circles, 
its radius has a constant ratio to the perpendicular from 
its centre on the radical axis of the two circles, for it 
cuts the radical axis at a constant angle. 

Cor. 4. — The inverse of a system of concurrent lines 
is a system of coaxal Os intersecting in two real points. 

Cor. 6. — If a system of coaxal circles having real 
limiting points be inverted from either limiting point, 
they will invert into a concentric system of circles. 

Cor. 6. — If a coaxal system of either species be in- 
verted from any arbitrary point, it inverts into another 
system of the same species. 

Prop. 7. — If a variable circle touch two fixed circles^ 
its radius has a constant ratio to the perpendicular frotn 
its centre on the radical axis. 

Dem. — This is Cor. 3 of the last Proposition ; but it 
is true universally, and 
not only as proved there 
for the case where the 
cuts the radical axis. On 
account of its importance 
we give an independent 
proof here. Let the cen- 
tres of the fixed Os be 0, 
0', and that of the variable 
0". Join 00', and pro- 
duce it to meet the fixed 
08 in the points C, C : 
upon CC describe a : ^ 
let 0'" be its centre : let fall the ±s 0"A, 0'"B on the 
radical axis : let D be the point of contact of 0" with 
; then the lines CD and 0'"0" will meet in the centre 
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of similitude of the Qs 0", 0'"; but this centre is a 
point on the radical axis of the circles 0, 0' (see Prop. 4, 
Section II.). Hence the point E is on the radical axis, 
and, by similar triangles, 

0"A : 0'"B : : 0"E : 0'"E : : radius of 0" : radius of 0'", 

.-. radius of 0" : 0"A : : radius of 0'" : 0'"B ; 

but the two last terms of this proportion are constant, 

.'. radius of 0" : 0"A in a constant ratio. 

Prop. 8. — If a chord, of one ctrole he a tangent to 
another, the angle which the chord mbtende at either limit- 
ing point is bisected hy the line drawn 
from that limiting point to the point 
of contact. 

Let CF be the chord, K the point 
of contact, E one of the limiting! 
points : the angle CEF is bisected by 
EE. For since the limiting point 
E is coaxal with the circles 0, 0' we 
have, by Prop. I. (3), 

CE:CK::FE:FK; 

.-. EC : EF : : KC : KF. 

Hence the angle CEF is bisected (VI. iii). 

In like manner, if G be the other limiting point, the 
angle CGF is bisected by GK. 

Cor, 1. — If the circles were external to each other, 
and the figure constructed, it would be found that the 
angles bisected would be the supplements of the angles 
CEF, CGF. 

Cor. 2. — If a common tangent be drawn to two 
circles, lines drawn from the points of contact to either 
limiting point are perpendicular to each other; for 
they are the internal and external bisectors of an angle. 

Cor. 3. — If three circles be coaxal, a common tan- 
gent to two of them will intersect the third in points 
which are harmonic conjugates to the points of contact ; 
for the pencil from either limiting point will be a har- 
monic pencil. 
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Car, 4. — If a circle be described about the triangle 
CEF, its envelope will be a circle concentric with Qie 
circle whose centre is ; 
that is, with the circle 
whose chord is CF. C/ 

{When a line or circle 
moves according to an^ given 
laWf the curve which it 
touches in all its positions 
is called its envelope,) 

Produce EK till it meets 
the circumference in D ; 
then because the Z CEF 
is bisected by ED, the arc 
CDF is bisected in D ; hence the line 0Q-, which joins 
the centres of the circles, passes through D and is JL to 
CF ; .-. O'K is || to OD ; .-. O'K : OD : : EO' : EO ; 
hence the ratio of O'K : 01) is given ; but O'K is given ; 
therefore OD is given, and the whose centre is O 
and radius OD is given in position, and the O CEF 
touches it in D ; hence the Proposition is proved. 

Prop. 9. — If a system of coaxal circles have two real 
points of intersection^ all 
lines drawn through either 
point are divided propor- 
tionally by the circles. 

Let A, E be the points of 
intersection of the coaxal 
system: through A draw 
two lines intersecting the 
circles again in the two 
systems of points C, D, E ; 
C, D', E' ; then 

CD : DE : : CD : D'E'. 




Dem.— Join the points C, D, E, C, D', E' to B ; then 
the As BCD, BCD' are evidently equiangular, as are 
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also the triangles BDE, BD'E' ; hence 

CB : DB : : CD' : D'B ; 

DB:DE::D'B:D'E'; 
therefore, ex aequali, 

CD : DE : : CD' : D'E'. 

C(yr. 1. — If two lines be divided proportionally, the 
circles passing through their point of intersection and 
through pairs of homologous points are coaxal. 

Cor, 2. — If from the point B perpendiculars be 
drawn to the lines joining homologous points, the feet 
of these perpendiculars are collinear. For each lies on 
the line joining the feet of the perpendiculars from B 
on the lines AC, AC. 

Cor. 3. — The circles described about the triangles 
formed by the lines joining any three pairs of homolo- 
gous points all pass through B. 

Cor. 4. — The intersection of the perpendiculars of 
all the triangles formed by the lines joining homolo- 
gous points are collinear. 

Cor. 5. — Any two lines joining homologous points 
are divided proportionally by the remaining lines of 
the system. 

Prop. 10. — To describe a eircU touching three given 
circles. 

Analysis. — Let X, Y, Z be the three given s, 
ABC, A'B'C two Os which it is required to describe 
touching the three given ©s ; then, by Cor. 2, Prop. 4, 
Section IV., the O DEF, which cuts X, Y, Z orthogo- 
nally, will be the © of inversion of ABC, A'B'C, and 
the three ©s ABC, DEF, A'B'C wiU be coaxal ( Cor. 2, 
Prop. 2, Section IV.). 

Now, consider the © X, and the three ©s ABC, 
DEF, A'B'C; the radical axes of X and these ©s are 
concurrent (Prop. 4) ; but two of the radical axes are 
tangents at A, A', and the third is the common chord 
of X and the orthogonal © DEF ; let P be their point 
of concurrence. Again, from Prop. 4, Section II., it 
follows that the axis of similitude of X, Y, Z is the 
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radical aiis of the ©a ABC, A'B'C; but since PA = PA', 
being tangents to X, tbe point P is on this radical asis. 
Hence P is the point of intersection of two given lines, 
namely, the axis of similitude of X, T, Z, and the 
chord common to X and the orthogonal © DEF ; .-. P 
is a given point; hence A, A', the points of contact of the 
tangents from F to X, are given. Similarly, the points 




B, B' ; C, C are given points. And we have the follow- 
ing construction, viz. : Detorihe the orthogonal eireU of 
X, Y, Z, and draw the three chords of interieetiott ofthia 
circle with X, Y, Z rt»pectiv»ly ; and from the pointe 
where these chorda meet the axis of aimilitude ofS., T, Z 
draw pairs of tangent* to X, Y, Z ; then the two circlet 
described through these tie points of eontact mill be tan- 
gential to X, Y, Z. 

Cor. 1. — Since there are four axes of similitude of 
X, Y, Z, we shall have eight circles tangential to X, Y, Z. 

Cor. 2.— -If we suppose one of the circles to reduce to 
a point, we have Uie problem: "To deserihe a circle 
touching ivjo given cirefea, and paaiing through a given 
point." And if two of the circles reduce to points, we 
have the problem : " To deaoribe a circle touehing a given 
circle, andpatsing through two given points." 
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The foregoing coiistruction holds for each case, the 
first of which admits of four solutions, and the second 
of two. 

Cor, 3. — Similarly, we may suppose one of the circles 
to open out into a line, and we have the problem : ** To 
describe a circle touching a line and two given circles*^ ; 
and if two circles open out into lines, the problem: 
** To describe a circle touching two given lines and a circle. ^^ 
The foregoing construction extends to these cases also, 
and like observations apply to the remaining cases, 
namely, when one of the circles reduces to a point, and 
one opens out into a line, &c. Since our construction 
embraces all cases, except where the three circles be- 
come three points or open out into three lines, it would 
appear to be the most general construction yet given 
for the solution of this celebrated problem. 

Another Method — ^Analysis. — Let 0, 0', 0'' be the 
centres of the Os X, Y, Z, and let AE, BR be the 
radical axis of the pairs of 
Os XT, YZ, respectively, 
and let 0'" be the centre of 
the required O W : from 
0'" let faU the ±8 0'"A, 
0'"B; join R to C, the 
point of contact of W witli 
Z, and produce it to meet 
0"D drawn II to 0'"R. Kow, 
because W touches the Os 
X, Y, its radius 0'"C has a 
given ratio to 0'"A (Prop.7). 
Similarly, 0'"C has a given 
ratio 0'"B ; .-. 0'"A has a 
given ratio to 0'"B ; hence 
the line 0'"R is given in position, and the ratio of 
0'"R:0'"B is given; .-. the ratio of 0'"R : 0'"C is 
given ; hence the ratio of 0"D : 0"C is given ; .*. D is 
a given point and R is a given point ; .*. the line RD is 
given in position ; hence C is a given point. Similarly, 
the other points of contact are given. 
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Obserration. — Tlua method, though arrived at by the theory 
of coaxal circles, is virtually the same aa Newton's 16th Lemma. 
It is, however, somewhat simpler, as it does not employ conic sec- 
tions, as is done in the Frineipia. When I discovered it several 
years ago, I was not aware to what an extent I had been antici- 
pated. 

Prop. 11. — Jff' X, Y he two circles, AB, A'B' two chords 
of X tohtch are tangents to Y ; 
then if the perpendiculars from 
A, A' on the radical axis he de- 
noted hy Pf TTf and the perpendi- 
culars from B, B' hy p\ T/f 

AA':BB': :y/p + y^ 

Dem. — Let 0, 0' be the cen- 
tres of the circles ; then, by (1), 
Prop. 1, 




AD = ^2.00'.^?, A'D' = v/2 . 00'. tt ; 

.-. AD + A'D' = ^2 . 00' { v^ +a/^). 
But AD + A'D' is easily seen to be = AC + A'C ; 

.-. AC + A'C = v/2 . 00' {v/^ + v/^). 
In like manner, 

BC + B'C = v/2TG0^ { vV + V"^} • 
Hence, 

AC + A'C : BC + B'C : : v/^ + v/^: ^y -f y^. 

Now, since the triangles AA'C, BB'C are equiangular, 
we have 

AC + A'C : BC + B'C : : AA' : BB'; 
.-. AA' : BB' : : v/^ + V^\ y/p' + v/^. 

This theorem is very important, besides leading to an 
immediate proof of Poncehfs Theorem, If we suppose 
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the chords AB, A'B' to be indefinitely near, we can in- 
fer from it a remarkable property of the motion of a 
particle in a vertical circle, and also a method of repre- 
senting the amplitude of Elliptic Integrals of the First 
kind by coaxal circles.* 

Prop. 12. — Poncelet' 8 Theorem. — If a va/riable poly- 
gon of any number of aides he inscribed in a circle of a 
coaxal system, and if all the sides but one in every position 
touch fixed circles of the system, that one also in every 
position touches another fixed circle of the system. 

It will be sufficient to prove this Theorem for the 
case of a triangle, because from this simple case it is 
easy to see that the Theorem for a polygon of any num- 
ber of sides is an immediate consequence. 

Let ABC be a A inscribed in a O of the system, 
A'B'C another position of the A , and let the sides AB, 
A'B' be tangents to one O of the system, BC, B'C tan- 
gents to another © ; then it is required to prove that 
CA, C'A' will be tangents to a third of the system. 

Dem. — Let the perpendiculars from A, B, C on the 
radical axis be denoted by p, p', p", and the perpendi- 
culars from A', B', C by tt, it', tt"; then, by Prop. 11, 
we have 

AA' : BB' : : ^p -f -/^ : \/p' + y^^, 
and BB' : CC : : >/7+ \/^ W7' ^- ^/V' ; 

.-. AA':CC': Vj^ +v/^:vV'+\/^. 

Hence AC, A'C are tangents to another circle of the 
system. 

The foregoing proof of this celebrated theorem was 
given by me in 1858 in a letter to the Rev. R. Towns- 
end, F.T.C.D. It is virtually the same as Dr. Hart's 
proof, published in 1857 in the Qicarterly Journal of 
Mathematics, of which I was not aware at the time. 

* The method of representing the amplitude of Elliptic Inte- 
grals by coaxal circles was first given by Jacobi, Crelle*s Journal, 
Band. III. Theorem 11 affords a very simple proof of this appli- 
cation. See Edttcatimal Times, Vol. iii., Heprint, page 42. 
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Dr. Hart's Proop. — This proof depends on the fol- 
lowing Lemma (see fig., Prop. 11) : — If a quadrilateral 
AA'BB' be inscribed in a circle X, and if the diagonals 
AB, A'B' touch a circle Y of a system coaxal with X, 
then the sides A, A' touch another circle of the same 
system, and the four points of contact J), J)\ E, E' are 
collinear. 

This proposition is evident from the similar triangles 
AED, B'E'D', and the similar triangles EA'D', E'BD ; 
and the equality of the ratios AE : AJD, B'E' : B'D', 
A'E : A'D, BE : *BD. 

The first part of this theorem also follows at once 
from Prop. 11. 

Now, to prove Poncelet's theorem : — Let ABC, A'B'C 
be two positions of the variable Z^, and let, as before, 
AB, A'B' be tangents to one O of the system, BC, B'C 
tangents to another O ; then CA, G'A' shall be tangents 
to a third of the system. Por, join AA', BB', CC 
Then, since AB, A'B are tangents to a O of the system, 
AA, BB' are, by the lemma, tangents to another of 
the system ; and since BG, B'C are tangents to a of 
the system, BB', CC are tangents to a of the system ; 
.'. AA, BB', CC are tangents to a of the system ; 
and since AA', CC touch a of the system, by the 
lemma, AC, A'C touch a of the system ; hence the 
Proposition is proved, and we see that the two proofs 
are substantially identical. 



SECTION VI. 

Thjsobt of Akharhonic Section. 

Dep. — A system of four eoUinear points A, B, C, D 
tnaikSf as is known, six segments ; these may he arranged 
in three pairs f each containing the four letters — thuSf . 

AB, CD; BC, AD; CA, BD. 

Where the last letter in each couple is D, and the first 
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tegmenii in the three couplet are respectively A3, BC, 
CA, exactly cerreeponding to the tides of a triangle ABC, 
tahm in order. Now, if we take the rectanglea formed by 
these three pairs of segments, the six quotients obtained 
by dividing each rectangle by the two remaining ones are 
called the six anharmonie ratios of the four point* A, B, 
G, D. Thue these six functions are 



AB.CD 

BC . AD' 

and their reeiproeah 



BC.AD 
CA . BD' 



CA ■ BD _ 
AB.CD' 



BC.AD 
AB.CD' 



CA.BD AB.CD 
BO .AD' CA . BD* 



Til M usual to call any one of these six functions the anhar- 
monie ratio of the four points A, B, C, D. 

Prop. l.—If (0 . ABCD) be a pencil of four rays 
passing thrtn^h the four points 
A, B, C, D ; and if through 
any of these points B we draw 
a line parallel to a ray passing 
through any of the other points, 
and cutting the two remaining 
rays in the points "ii, S, the 
six anharmonie ratios of A., "&, , 
C, D can be expressed in terms / 
of the ratio* of the segments 
MB, BN. MM. 

Dem. — From dmilatttifmgleB, 

MB AB 

OD ~ AD' 

. OD CD 
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Hence, ^ _ AB.CD 

BN " BC . AD ' 

therefore MB : BN : : AB . CD : BC . AD. 
Companendo — 

MN : BN : : AB . CD + BC . AD : BC . AJ) ; 
.-. MN:BN::AC.BD:BC.AD; 
.-. MB : BN : NM : : AB . CD : BC . AD : CA . BD. 

Prop. 2. — If a pencil of four rays he cut hy two trans^ 
versaU ABCD, A'B'CD', then (see last fig.) any of the 
anharmonic ratios of the points A, B, C, D is equal to the 
eorrespondiu^ ratio for the points A', B', C, D'. 

Dem.— Through the points B, B' draw MN, M'N' 
parallel to OD ; then (Section I., Prop. 3) we have 



therefore 



MB : BIST : : M'B' : B'N' ; 

AB . CD A^B^ . C^D^ 
BC . AD " B'C . A'D'' 



Cor, 1. — We may suppose the rays of the pencil 
produced through the vertex, and the transversal to 
cut any of the rays produced without altering the an- 
harmonic ratio. 

Dbf. — The anharmonic ratio of the four points on any 
transversal cutting a pencil heing constant ^ it is called the 
anharmonic ratio of the pencil. 

Cor. 2. — If two pencils have equal anharmonic ratios 
and a common vertex ; and if three rays of one pencil 
be the production of three rays of the other, then the 
fourth ray of one is the production of the fourth ray of 
the other. 

Cor. 3. — K two pencils have a common transversal, 
they are equal ; that is^ they have equal anharmonic 
ratios. 



U 
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Car. 4. — :If A, B, C, D be four points in the circum- 
ference of a circle, and E and F any two other points 
also in the circumference, then the pencil (E . AJBCD) 
= (F . ABCD). This is evident, since the pencils have 
equal angles. 

Cor. 5. — If through the middle point of any chord 
AB of a circle two other chords CE and DF be drawn, 
and if the lines ED and CF joining their extremities 
intersect AB in G and H, then OG = OH. 

Dem.— The pencil (E . ADCB) = (F . ADCB ; there- 
fore the anharmonic ratio of the points A, G, 0, B = the 
anharmonic ratio of the points A, 0, H, B ; and since 
AO = OB, OG = OH. 

Def. — The anharmonic ratio of the cyclic pencil 
(E . ABCD) is called the anharmonic ratio of the four 
cyclic points A, B, C, D. 

Prop. 3. — The anharmonic ratio of foter coney die 
points can he expressed in terms of the chords joining 
these four points. 

Dem. (see fig.. Prop. 9, Section IV.) — The anharmonic 
ratio of the pencil (0 . ABCD) is AC . BD : AB . CD ; 
and this, by Prop. 9, Section IV. = A'C . B'D' 
: A'B' . CD' ; but the pencil (0 . ABCD) = the pencil 
(0 . A'B'C'D') = the anharmonic ratio of the points 
A', B', C, D'. Hence the Proposition is proved. 

Cor. 1. — The six functions formed, as in Def. 1, 
with the six chords joining the four coney clic points 
A', B', C, D', are the six anharmonic ratios of these 
points. 

Car. 2.— If two triangles CAB, C'A'B' be inscribed 
in a circle, any two sides, viz., one from each triangle, 
are divided equianharmonically by the four remaining 
sides. For, let the sides be AB, A'B' ; then the 
pencils (C . A'BAB'), (C . A'BAB') are equal (Cor. 4, 
Prop. 2). 

Prop. 4. — Pascal's Theobsh. — If a hexagon he 
inscribed in a circle^ the intersections of opposite sides 
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viz., Ut and 4th, 2nd and 5th, Srd and 6th, are colli' 
near. 

Let ABCDEFA be the 
hexagon. The points L, N, 
M are collinear. 

Dem. — Join EN. Then the 
pencil (N . FMCE) = the pen- 
cU (C . FBDE), because they 
have a common transversal 
EF {Cor. 3, Prop. 2.) In 
like manner, the pencil 
(A . FBDE) = (N . ALDE) ; 
but (A . rBDE)= C . FBDE) (Prop. 3, Cor. 4). Hence the 
pencils (N . FMCE), (N . ALDE) are equal ; and there- 
fore ( Cor. 2, Prop. 2) the points L, N, M are collinear. 

Cor. 1. — With six points on the circumference of a 
circle, sixty hexagons can be formed. For, starting 
with any point, say A, we could go from A to one of the 
remaining points in five ways. Suppose we select B, 
then we could go from B to a third point in four diffe- 
rent ways, and so on; hence it is evident that we 
could join A to another point, and that again to another, 
and so on, and finally return toAin5x4x3x2xl 
different ways. Hence we shall have that number of 
hexagons ; but each is evidently counted twice, and we 
shall therefore have half the number, that is, sixty 
distinct hexagons. 

Cor. 2. — ^Pascal's Theorem holds for each of the 
sixty hexagons. 

Cor. 3. — ^Pascal's Theorem holds for six points, 




which are, three by three, on two lines. Thus, lettke 
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two triads of points be A, E, C, J), B, F, and the proof 
of the Proposition can be applied, word for word, except 
that the pencil (A . FBDE) is equal to the pencil 
(C . FBDE), for a different reason, viz., they have a 
common transversal. 

Prop. 5. — If two eqttal peneth have a common ray^ the 
intersecttona of the remaining three homohgow pairs of 
raye are eolUnear, 

Let the pencils be (0 . 0'ABC), (0' . OABC), having 
the common ray 00'; then, if possible, let the line 
joining the points A and G intersect the rays OB, O'B 
in different points B', B" ; then, 
since the pencils are equal, 
the anharmonic ratio of the 
points D, A, B', C equal the 
anharmonic ratio of the points 
D, A, B", C, which is impos- 
sible. Hence the points A, B, C 
must be coUinear. 

Cor. 1.— If A, B, C; A', B', C be two triads of 
points on two lines intersecting in 0, and if the an- 
harmonic ratio (OABC) = (OA'B'C), the three lines 
AA', BB', CC are concurrent. For, let AA', BB', 
intersect in D ; join CD, intersecting OA' in E ; then 
the anharmonic ratio (OA'B'E) = (OABC) = (OA'B'C) 
by hypothesis; therefore 
the point E coincides 
with C. Hence the 
Proposition is proved. 

Cor. 2.— If two Zis 
ABC, A'B'C have lines 
joining corresponding 
vertices concurrent, the 
intersections of corre- o 
spending sides must be 
collinear. For, join P, 
the point of intersection 
of the sides BC, B'C, 

x2 
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to 0, the centre of perspective ; then each of the 
pencils (A . PCA'B), (A' . PC'AB') is equal to the pen- 
cil (0 . PCAB) ; hence they are equal to one another, 
and they have the ray AAf common. Hence the inter- 
sections of the three corresponding pairs of rays AC, A'C\ 
AP, AT', AB, A'B', are collinear. 

Cor. 3. — If two vertices of a variable A ABC move 
on fixed right lines LM, LN, and if the three sides 
pass through three fixed collinear points 0, P, Q, the 
locus of the third vertex is a right line. 

Let the side AJB pass through 0, BC through P, CA 
through Qty and let A'B'C be another position of the A ; 
then the two Z^s AjL'Q. BB'Q, have the lines joining 
their corresponding vertices concurrent ; hence the in- 
tersections of the corresponding sides are collinear. 
Hence the Proposition is proved. 

Prop. 6. — Jf on a right line OX three pairs of points 
A, A' ; B, B' ; C, C he taken, such that the three rectangles 
OA . OA', OB . OB', OC . OC, are each equal to a constant, 
say k^f then the anharmonie ratio of any four of the six 
points is equal to the anharmonie ratio of their four conju- 
gates. 

Dem. — Erect OY at right Zs to OX, and make OY 
= k ; join AY, A' Y, BY, BT, CY, CY. Now, by 
hypothesis, OA . 0A'= OY*; .'. the described about 
the A AA'Y touches OY at Y ; .-. the Z OYA = OA'Y. 
In like manner, the Z OYB = OBT ; hence theZ AYB 




A B C D C B' A' X 



= A'YB' : similarly the Z BYC = BTC, &c. ; .-. the 
Zs of the pencil (Y . ABCC) = the Zs of the pencil 
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(Y . A'B'C'G) ; and hence the anharmonio ratio of 
(Y . ABCC) equal the anharmonic ratio of the pencil 
(Y . A'B'C'C). 

Cor, 1. — If the point A moyes towards 0, the point 
A' will move towards infinity. 

Cor, 2. — The foregoing Demonstration will hold if 
some of the pairs of conjugate points be on the pro- 
duction of OX in the negative direction; that is, to 
the left of OY, while others are to the right, or in the 
positive direction. 

Cor. 3. — If the points A, B, C, &c., be on one side of 0, 
say to the right, their corresponding points A', B', C, &c., 
may lie on the other side ; that is, to the left. In this 
case the As AYA', BYE', CYC, &c., are all right-angled 
at Y; and the general Proposition holds for this case 
also, namely. The anharmonio ratio of any four points is 
equal to the anharmonic ratio of their fowr conjugates. 

Cor, 4.T-The anharmonic ratio of any four collinear 
points is equal to the anharmonic ratio of the four 
points which are inverse to them, with respect to any 
circle whose centre is in the line of collinearity. 

Dep. — When two systems of three points eachy such as 
A, B, G ; A', B', C, are collinear, and are so related that 
the anharmonic ratio of any four, which are not two cou- 
ples of conjugate points, is equal to the anharmonic raiio 
of their four corrugates, the six points are said to he in 
involution. The point confugate to the point at in- 
anity is called the centre of the involution. Again, if 
we take two points D, D', one at each side of 0, such that 
0D*= OD'* = ^*, it is evident that each of these points is 
its own cofjugate, Sence they have been called, by 
TowNSEiTD and Chasles, the double points of the in- 
volution. From these Definitions the following Propo- 
sitions are evident : — 

(1). Any pair of homologous points, such as A, A', are 
harmonic conjugates to the double points D, D'. 

(2). Three pairs of points which have a commonpair of 
harmonic conjugates form a system in involtdion. 
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(3). Tks two iwikU points, and any two pairs of eon- 
j¥fate points, form a system in involution. 

(4). Any lino outtiny three coaxal circles is cut in 
iwooMion. 

DxF. — If a system of points in involution he joined to 
any point P not on the line of eollinearity of the points, 
the sisjoininy lines wiU have the anharmonie ratio of the 
pencil formed hy any four rays equal to the anharmonie 
ratio of the pencil formed hy their four conjugate rays. 
Such a pencil is called a pencil in involution. ITie rays 
passing through the douhle points are called the double 
mjs of the inTolntion. 

Prop. 7. — If four points he eoUinear, they hdong to 
three systems in involution, 

Dem. — ^Let the fonr points be A, B, C, D ; upon AB 
and CD, as diameters, describe circles ; then any circle 
coaxal with these will intersect the line of eollinearity 
of A, B, C, B in a pair of points, which form an invo- 
lution with the pairs A, B, 0, D. Again, describe circles 
en the segments AB, BG, and circles coaxal with them 
will give us a second involution. Lastly, the circles 
described on CA, BB will give us a third system. The 
central points of these systems will be the points where 
the radical axes of the coaxal systems intersect the line 
of coUinearity of the points. 

Prop. 8. — ^The following examples will illustrate the 
theory of involution : — 

(1). Any right line cut- 
ting the sides and diagonals 
of a quadrilateral is cut in 
involution. 

Dem.— Let ABCB be , 
the quadrilateral, LL'the 
transversal intersecting the diagonals in the points 
N, N'. Join AN', ON' ; then the anharmonie ratio of 
the pencil (A . LMNNO = (A . BBON') = (C . BBON') 
= (C . WL'ON) = (C . UWN1[). 
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(2). A right Um, cutting a circle and the sides of an 
inscribed quadrilateral, is cut 
in involution. 




Dem. — Join AR, AR', 
CR, CR' ; then the anhar- 
monic ratio of the pencil 
(A . LRMR') = (A . DRBR') 
=(C.DRBR')=(C .M'RL'R') 
=(C.L'R'M'R). 

Cor.— The points N, W 
belong to the involution. 

(3). If three chords of a circle he concurrent, their six 
points of intersection with the 
circle are in involution. 

Let AA', BB', CC be the 
three chords intersecting in 
the point 0. Join AC, AC, q- 
AB', CB'; then the anhar- 
monic ratio (A . CA'B'C) = 
(B' . CBAC) = (B' . C'ABC). 

Cor, — The pencil formed by any six lines from the 
pairs of homologous points A, A' ; B, B ; 0, C, to any 
seventh point in the circumference is in involution. 

> 

Prop. 9. — If 0, 0' he two fixed points on two given 
lines OX, O'X', and if on OX we take any system of 
points A, B, C, &c., and on O'X' a corresponding system 
A', B', C, &c., smh that the rectangles OA . O'A' 
= OB . O'B' = 00 . O'C, &c., equal constant, say J^ ; 
then the anharmonic ratio of any four points on OX equal 
the anharmonic ratio of their four corresponding points on 
O'X'. 

This is evident by superposition of O'X' on OX, so that 
the point 0' will coincide with (see Prop. 7) ; then 
the two ranges on OX will form a system in involution. 

Def. — Two systems of points on two lines, such that 
the anharmonic ratio of any fowr points on one line is equal 
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to the anharmonie ratio of their four corresponding lines 
on the other J are said to he homographic, and the lines are 
said to he homographically divided. The points 0, 0' 
are called the centres of the systems. 

Cor, 1. — The point on OX is the point corre- 
sponding to infinity on O'X' ; and the point 0' on O'X' 
corresponds to infinity on OX. 

Dep. — If the line O'X! he superimposed on OX, hut so 
that the point 0* will not coincide with 0, the two si/stems 
of points on OX divide it homographically, and the points 
of one system which coincide with their homologous points 
of the other are called the double points of the homo- 
graphic system. 

Prop. 10. — Given three pairs of corresponding points 
of a line divided homographically, to find the double points. 

Let A, A' ; B, AB C A' B' c' x 

B' ; C, C, be the ' \ — ^^ ' ' ' 

three pairs of corresponding points, and one of the 
required double points ; then the conditions of the 
question give us the anharmonie ratio 

(OABC) = (OA'B'C) ; 
OA . BC OA' . B'C 



therefore 



Hence 



OB . AC O'B'. A'C* 
OA . OB' B'C . AC 



OA' .OB BC . A'C 

equal constant, say J^, 

Now OA . OB', OA' . OB are the squares of tangents 
drawn from to the circles described on the lines AB' 
and A'B as diameters ; hence the ratio of these tan- 
gents is given ; but if the ratio of tangents from a 
variable point to two fixed circles be given, the locus 
of the point is a circle coaxal with the given circles. 
Hence the point is given as one of the points of 
intersection of a fixed circle with OX, and these inter- 
sections are the two double points of the homographic 
system. 
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If the three pairs of points be on a circle, the points 
of intersection of Pascal's line with the circle will be 
the double points required. For (see fig., Prop. 6), let 
D, B, E ; A, E, C, be the two triads of points, and let 
the Pascal's line intersect the circle in the points P and 
Q ; then it is evident that the pencil (A . PDBF) 
= (D . PAEC). 

Car. — If we invert the circle into a line, or vice versd, 
the solution of either of the Problems we have given 
here wiU give the solution of the other. 

Prop. 11. — We shall conclude this Section with the 
solution of a few Problems hy means of the double points 
of homographic division. 

(1). Being given two right lines L, L', it is required 
to place between them a line AA.\ which will subtend 
given angles Q, O' at two given points P, P^ 

Solution. — Let us take 
arbitrarily any point A on 
L. Join PA, P' A, and make 
the Zs APA', APA", re- 
spectively equal to the two 
given Z s O, Q' ; then, 
when the point A moves 
along the line L, the points 
A', A" will form two ho- 
mographic divisions on the 
line L'. The two double points of these divisions will 
give two solutions of the required Problem. 

(2). Being given a polygon of any number of sides, 
and as many points taken arbitrarily, it is required to 
inscribe in the polygon another polygon whose sides will 
pass through the given points, 

"We shall solve this problem for the special case of 
a triangle; but it will be seen that the solution is 
perfectly general. 
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Let ABC be the given triangle ; P, Q, R the given 
points. Take on AC any 
arbitrary point D. Join 
PD, intersecting AJB in E ; 
then join EQ, intersecting 
BC in F; lastly, join FR, 
intersecting AC in D'; then 
the two points D, D' will 
evidently form two homo- 
graphic divisions on AC, 
the two double points of 
which will be vertices of two triangles satisfying the 
question. 

(3). Being given three points P, Q, E, and two lines 
L, L', it is required to describe a triangle ABC Tiaving 
C eqtuil to a given angUj the vertices A and B on the 
given lines L, L', and the sides passing through the given 
points. 

Solution. — Through the point R draw any line 
meeting the two lines L, JJ in the points a, h. Join 
Pi, and from Q draw 
Qa' making the required 
angle C with PJ ; the 
two points a, «' will 
form two homographic 
divisions on L,the double 
points of which will give 
two solutions of the re- 
quired question. 

(4). To inscribe in a 
circle a triangle whose sides shall pass through three given 
points. 

This is evidently solved like the preceding, by taking 
three false positions, and finding the double points of 
the two homographic systems of points. 
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SECTION VII. 

Theosy of Poles and Polabs, and Begipsocation. 

Prop. 1. — If four points he oollinear, their anharmanic 
ratio is eqttal to the anharmonie ratio of their four polar s. 

This Proposition may be proved exactly the same as 
Proposition 10, Section III. Thus (see fig., Prop. 10, 
Section III.) the pencil (0 . A'B'C'D') = (P . A'B'C'D'); 
but the pencil (0 . A'B'C'D') = anharmonie ratio of 
the four points A, B, C, D, and the pencil (P . A'BCDO 
consists of the four polars. Hence the Proposition is 
proved. 

The two following Propositions are interesting appli- 
cations of this Proposition : — 

(1). If two triangles be self-conjugate with respect to a 
circle, any two sides are divided equianharmonically hy the 
four remaining sides ; and any 
two vertices are subtended 
equianharmonically by the four 
remaining vertices. 

Let ABC, A'B'C'be the two 
self -con jugate As ; it is re- 
quired to prove that the pencil 
(C . ABA'B') = (C . ABA'B'). 

Dem.— Let A'C, B'C meet 
AB produced in D and E. 
Join A'C, B'C, AC, BC. 
Now, since A'C is the polar "^ 
of B', and AB the polar of C, 
their point of intersection D 
is the pole of B'C (see Cor., 
Prop. 25, Section I., Book 
III.). In like manner, the 
point E is the pole of A'C ; 
hence the fonr points B, A, 
E, D are the poles of the four lines CA, CB, C A', CB'. 
Therefore the anharmonie ratio of the four points B, 
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A, E, D 18 equal to the anharmonic ratio of the pencil 
(C . ABA'S'). Again, the points B, A, E, D are the in- 
tersections of the line AB with the pencil (C . AB A'B') ; 
therefore the pencil (C . ABA'B') = (C . ABA'B'). 

"We have proved the second part of our Proposition, 
and the first follows from it hy the theorem of this 
Article. 

(2). If two triangles he aueh that the sides of one are the 
poles of the vertices of the other , they are in perspective. 

Dem. — ^Let the three sides of the A ABC he the 
polars of the corresponding vertices of the A A'B'C, 
and let the corresponding sides meet in the points X, 
Y, Z respectively. Now, since AB is the polar of C, 
and B'C the polar of A, the point D is the pole of AC 
(Cor., Prop. 25, Section I., Book III.). In like man- 
ner the point X is the pole of AA', and the points B', 
C are, hy hypothesis, the poles of the lines AC, AB. 
Hence the anharmonic ratio of the points B', C, D, X 
= the pencil (A . YZC'A') = the pencil (Z . YAC'A'). 
Again, the anharmonic ratio B'C'DX = the pencil 
(Z . A'C'AX) = (Z . XAC'A'). Hence (Z . YAC'A') 
= (Z . XAC'A') ; .-. the Hues XZ, ZY form one right 




line ; therefore the intersection of corresponding sides 
of the triangles are collinear. Hence they are in per- 
spective. 
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Prop. 2. — If two vartahie points A, A', one on each of 
two lines given in position, subtend an angle of constant 
magnittcde at a given point 0, the loom of the pole of the 
line A A' with respect to a given . j 

circle X, whose centre is 0, is a 
circle, 

Dem. — Let AI, A'l be the 
lines given in position, and let 
B, B', Q be the poles of the 
three lines AI, A'l, and AA' 
with respect to X ; then the 
points B, B' are fixed, and the 
lines BQ, B'Q are the polars of 
the points A, A' ; .*. the lines 
OA, OA' are respectively JL to the lines BQ, B'Q 
hence the Z BQB' is the supplement of the Z AOA' 
therefore BQB' is a given angle, and the points B, B 
are fixed ; therefore the locus of the point Q is a 
circle. 

Prop. 3. — For two homographic systems of points on 
two lines given in position there exist two points, at each 
of which the several pairs of corresponding points svhtend 
equal angles, 

Dem. — Let A, A' be two corre- 
sponding points on the lines AI, A'l ; 
and let 0, 0' be the points on the 
lines AI, A'l which correspond to 
the points at infinity on A'l, AI 
respectively ; then (see Prop. 10, 
Section IV., Book VI.) the rectangle 
OA . O'A' = constant, say J^, Join ^ 
00', and describe the triangle OEO' (see Prop. 15, 
Section L, Book VI.) having the rectangle OE . O'E of 
its sides = ^, and having the difference of its base Z s 
equal difference of base Z s of the A 010'. Then E, 
the vertex of this Z^, will be one of the points re- 
quired. For it is evident from the construction that 
OE . O'E = A . O'A, and that the Z AOE = A'O'E ; 
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.'. the As AOE, A'O'E are equiangular ; .*. the Z OA£ 
= A'EO' ; .*. if the points A, A' change position, the 
lines EA, EA' will revolve in the same direction, and 
through equal angles. Hence the Z AEA' is constant. 
' In the same manner, another point E can be found on 
the other side of 00' such that the Z AE A' is constant. 

Cor, 1 . — Since the line AA' subtends a constant angle 
at E, the locus of the pole of A A' with respect to a circle 
whose centre is E is a circle. Hence the properties of 
lines joining corresponding points on two lines divided 
homographically may be inferred from the properties of 
a system of points on a circle. 

Cor, 2. — Since when A' goes to infinity A coincides 
with 0, then OAis one of the lines joining correspond- 
ing points. And so in like manner is O'A', and the poles 
of these lines will be points on the circle which is the 
locus of the pole of AJl'. 

Cor. 3. — ^The locus of the foot of the perpendicular 
from E on the line AjL' is a circle, namely, the inverse 
of the circle which is the locus of the pole of AA'. 

Cor, 4. — If two lines be divided homographically, 
any four lines joining corresponding points are divided 
equianharmonically by all the remaining lines joining 
corresponding points. This follows from the fact that 
any four points on a circle are subtended equianhar- 
monically by all the remaining points of the circle. 

Prop. 4. — If any figure A he given ^ hy taking the pole 
of every line, and the polar of every point in it with 
respect to any arbitrary circle X, tve can construct a new 
figure B, which is called the reciprocal of A with respect 
to X. Thus we see that to any system of collinear points 
or concurrent lines of A there will correspond a system of 
concurrent lines or collinear points ofB; and to any pair 
of lines divided homographically in A there will correspond 
in B two homographic pencils of lines. Lastly, the angle 
which any two points of A subtend at the centre of the 
reciprocating circle is equal to the angle made by their 
polars in B. 
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Hence it is evident that, from theorems which hold 
for A, we can get other theorems which are true forB. 
This method, which is called reciprocation, is due to 
Poncelet, and is one of the most important known to 
Geometers. 

We give a few Theorems proved hy this method : — 

(1). Any two fixed tangenU to a circle are cut homo- 
graphically hy any variable 
tangent, 

Dem.— Let AT, BT be the 
two fixed tangents touching 
the circle at the fixed points A 
and B, and CD a variable tan- 
gent touching at P. Join AP, 
BP. Nbw AP is the polar of 
C, and BP the polar of D ; and if the point P take four 
different positions, the point C will take four different 
positions, and so will the point D ; and the anharmonic 
ratio of the four positions of C equcd the anharmonic ratio 
of the pencil from A to the four positions of P (Prop. 1). 
Similarly the anharmonic ratio of the four positions of 
D equal the anharmonic ratio of the pencil from B to the 
four positions of P ; but the pencil from A equal the 
pencil from B ; therefore the anharmonic ratio of the 
four positions of C equal the anharmonic ratio of the 
four positions of D. 

(2). Any four fiaed tangents to a circle are cut hy any 
fifth variahle tangent in four points whose anharmonic 
ratio is constant. 

Dexn. — ^The lines joining the point of contact of the 
Taiiable tangent to the points of contact of the fixed 
tangents are the polars of the points of intersection of 
the variable tangent with the fixed tangents ; but the 
anharmonic ratio of the pencil of four lines from a 
variable point to four fixed points on a circle is con- 
stant ; hence the anharmonic ratio of their four poles — 
that is, of the four points in which the variable tangent 
cuts the fixed tangent — ^is constant. 
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(3). Lines drawn from any variable point in the plane 
of a quadrilateral to the six points of intersection of its 
four sides form a pencil in involution. 

This Proposition is evidently the reciprocal of (1), 
Prop. 9, Section YI. The 
following is a direct proof : 
Let ABCD be the quadri- 
lateral, and let its opposite 
sides meet in the points E 
andP, and let be the point 
in the plane of the quadri- 
lateral; the pencil from to 
the points A, B, C, D, E, F 
is in involution. 

Dem. — Join OE, cutting the sides AD, BC in X and 
Y. JoinEF. Now, the pencil (O.XADF)=(E.XADF) 
= (E. YBCF)=(O.YBCF)=(O.XBCF); .'. (O.EADF) 
= (0 . EBCF). Hence the pencil is in involution. 

(4). If two vertices of a triangle move on fixed lines, 
while the three sides pass through three collinear points, 
the locus of the third vertex is a right line. Hence, reci- 
procally. If two sides of a triangle pass through fixed 
points, while the vertices move on three concurrent lines, 
the third side will pass through a fixed point. 

(5). To describe a triangle about a circle, so that its three 
vertices may be on three given lines. This is solved by 
inscribing in the circle a triangle whose three sides 
shall pass through the poles of the three given lines, 
and drawing tangents at the angular points of the in- 
scribed triangle. 

(4). Bbiakchon's Theouem. — Jfa hexagon be described 
about a circle, the three lines joining the opposite angular 
points wre concurrent. 

This is the reciprocal of Pascal's Theorem : we prove 
it as follows : — • 

Let ABCDEF be the circumscribed hexagon; the 
three diagonals AD, BE, CF are concurrent. For, let 




BOOK VI. 145 

the points of contact be G, H, I, J, K, L. Now, since 
A is the pole of GH, and D 
the pole of JK, the line AD 
is the polar of the point of 
intersection of the opposite 
sides GH and JK of the in- 
scribed hexagon. In like 
manner, BE is the polar of 
the point of intersection of 
the Hnes HI, KL, and CF 
the polar of the point of 
intersection of IJ and LG ; 
but the intersections of 
the three pairs of opposite 
sides of the inscribed hexagon, viz., GH, JK ; HI, KL ; 
IJ, LG, are, by Pascal's Theorem, colHnear ; therefore 
their three polars AD, BE, CF, are concurrent. 

(7). If two lines he divided homographicallyy two lines 
joining homologous points can he drawn^ each of which 
passes through a given point. 

For, if AA' (see fig., Prop. 3) pass through a given 
point P, join EP, and let faU a ± EG on AA' ; then 
( Cor. 2, Prop. 3) the locus of the point G is a © ; and 
since EGP is a right angle, the O described on EP as 
diameter passes through G ; hence G is the point of 
intersection of two given Os ; and since two Os inter- 
sect in two points, we see that two lines joining homo- 
graphic points can be formed, each passing through P. 
Now, if we reciprocate the whole diagram with respect 
to a circle whose centre is P, the reciprocals of the 
points A, A' will be parallel lines. Hence we have the 
following theorem in a system of two homographic 
pencils of rays : — There exist two pairs of homologous 
rags which are parallel to each other. 

Cor. — There are two directions in which transver- 
sals can be drawn, intersecting two homographic pen- 
cils of rays so as to be divided proportionally, namely, 
parallel to the pairs of homologous rays which are 
parallel. 
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(8). If we reciprocate Prop. 3 we have the following 
theorem: — Being given a fixed pointy namely ^ the eenire 
of the cirele of reciprocation and two homographie peneih 
of rays J two lines can he found {the polar e of the points £ 
and F in Prop. 3), so that the portions intercepted on 
each by homologous rays of the pencils will subtend an angle 
of constant magnitude at the given point, ' 



SECTION YIII. 

Miscellaneous Exebcises. 

% 

1 . The lines from the angles of a A to the points of contact of 
any O touching the three sides are concurrent. 

2. Three lines being given in position, to find a point in one of 
them, such that the sum of two lines drawn from it, making given 
angles with the other two, may be given. 

3. From a given point in the diameter of a semicircle produced 
to draw a line cutting the semicircle, so that the lines may have a 
given ratio which join the points of intersection to the extremities 
of the diameter. 

4. The internal and external bisectors of the y^tical angle of 
a A meet the base in points which are harmonic conjug^es to the 
extremities. 

5. The rectangle contained by the sides of a A is greater than 
the square of the internal bisector of the vertical angle by the 
rectangle contained by the segments of the base. 

6. State the corresponding theorem for the external bisector. 

7. Given the base and the vertical angle of a A , find the fol- 
owing loci : — 

(1) Of the intersection of perpendiculars. 

(2). Of the centre of any circle touching the three sides. 

(3). Of the centre of the circumscribed circle. 

(4). Of the intersection of bisectors of sides. 

8. If a variable O touch two fixed Os, the tangents drawn to it 
from the limiting points have a constant ratio. 
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9. The ± from the right angle on the hypotenuse of a right- 
angled A is a harmonic mean hetween the segments of the hypo- 
tenuse made hy the point of contact of the inscribed circle. 

10. If a line he cut harmonically by two Os, the locus of the 
foot of the ± , let fall on it from either centre, is a O, and it cuts 
any two positions of itself homographically (see Prop. 3, Cor. 2, 
Section VII.). 

1 1 . Through a given point to draw a line, cutting the sides of 
a given A in three points, such that the anharmonic ratio of the 
system, consisting of the given point and the points of section, 
may he given. 

12. If squares he described on the sides of a A and their cen- 
tres joined, the area of the A so formed exceeds the area of the 
given triangle by ^th part of the sum of the squares. 

13. The locus of the centre of a O bisecting the circumferences 
of two fixed Os is a right line. 

14. Divide a given semicircle into two parts by a ± to the 
diameter, so that the diameters of the 0s described in them may 
be in a given ratio. 

15. The side of the square inscribed in a A is half the har- 
monic mean between the base and perpendicular. 

16. The 0s described on the three diagonals of a quadrilateral 
are coaxal. 

17. If X, X' be the points where the bisectors of the Z A of 
a A and of its supplement meet the side BC, and if Y, Y'; Z, Z', 
be points similarly determined on the sides CA, AB ; then 



and 



1 

XX' 


+ 


1 

YY' 


+ 


1 
ZZ' 


= 0; 


a* 
XX' 


+ 


YY' 


+ 


r2 
ZZ' 


= 0. 



18. Prove Ptolemy's Theorem, and its converse, by inversion. 

19. A line of given length slides between two fixed lines : find 
the locus of the intersection of the Xs to the fixed lines from the 
extremities of the sliding line, and of the J. s on the fixed lines 
from the extremities of l£e sliding line. 

20. If from a variable point P Xs be drawn to three sides of 
a A ; then, if the area of the A formed by joining the feet of 
these ±s be given, the locus of P is a circle. 

l2 
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21. If a yariable O touch two fixed 0s, its radius varies as the 
Bquare of the tangent drawn to it from either liTniting point, 

22. If two Os, whose centres are 0, 0', intersect, as in Euclid 
(I. 1), and 00' be joined, and produced to A, and a GDH be 
described, touching the 0s whose centres are 0, 0', and also 
touching the line AO ; then, 
if we draw the radical axis 
EE' of the 0s, intersecting 
00' in C, and the diameter 
DF of the GHD, and join 
£F, the figure CDFE is a 
square. 

Dem. — The line joining 
the x)oints of contact G and 
H will pass through C, the 
internal centre of similitude 
of the 0s 0, 0' ; therefore CG . CH = CE^ ; but CD« = CG . CH; 
therefore CD = CE. 

Again, let 0" be the centre of GDH, and D' the middle point 
of AO ; then the whose centre is D' and radius D'A touches the 
©8 0, 0'; hence (by Theorem 7, Section V.) the 1 from 0" on 
EE':0"D: : CD' : D'A ; that is, in the ratio of 2: 1. Henee the 
Proposition is proved. 

23. If a quadrilateral be circumscribed to a 0, the centre and 
the middle points of the diagonals are coUinear. 

24. If one diagonal of a quadrilateral inscribed in a be bi- 
sected by the other, the square of the latter s half the simi of the 
squares of the sides. 

26. If a A given in species moves with its vertices on three 
fixed lines, it marks off proportional parts on these lines. 

26. Through the point of intersection of two s draw a line 
so that the sum or the difference of the squares of the chords of 
the s shall be given. 

27. If two 0s touch at A, and BC be any chord of one touching 
the other ; then the simi or difference of the chords AB, AC ^bears 
to the chord BC a constant ratio. Distinguish the two cases. 

28. If ABC be a A inscribed in a 0, and if a || to AC through 
the pole of AB meet BC in D, then AD is = CD. 

29. The centres of the four 0s circumscribed about the A s 
formed by four right lines are concyclic. 

30. Through a given point draw two transversals which shall 
intercept given lengths on two given lines. 
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31. If a variable line meet four fixed lines in points whose 
anharmonic ratio is constant, it cuts these four lines homographi- 
cally. 

32. Given the 1 CD to the diameter AB of a semicircle, it is 
required to draw through A a chord, cutting CD in E and the 
semicircle in F, such that the ratio of €E : EF may be given. 

33. Draw in the last construction the line CEF so that the 
quadrilateral CDEF may be a maximum. 

34. The O described through the centres of the three escribed 
Gs of a plane A , and the circumscribed O of the same A , will 
have the centre of the inscribed O of the A for one of their centres 
of similitude. 

35. The Os on the diagonals of a complete quadrilateral cut 
orthogonally the O described about the A formed by the three 
diagonals. 

36. When the three ±s from the vertices of one A on the 
sides of another are concurrent, the three corresponding X s from 
the vertices of the latter, on the sides of the former, are concur- 
rent. 

37. If a O be inscribed in a quadrant of a O ; and a second O 
be described touching the O , the quadrant, and radius of quadrant ; 
and a ± be let fall from the centre of the second on the line 
passing through the centres of the first and of the quadrant; 
then tiie A whose angular points are the foot of the X, the 
centre of the quadrant, and the centre of the second 0, has its 
sides in arithmetical progression. 

38. In the last Proposition, the ±s let fall from the centre of 
the second on the radii of the quadrants are in the ratio of 
1 : 7. 

39. When three 08 of a coaxal system touch the three sides of 
a A at three points, which are either collinear or concurrently 
connectant with the opposite vertices, their three centres form, 
with those of the three Os of the system which pass through the 
vertices of the A , a system of six points in involution. 

40. If two 0s be so placed that a quadrilateral may be in- 
scribed in one and circumscribed to the other, the diagonals of 
the quadrilateral intersect in one of the limiting points. 

41. If from a fixed point Xs be let fall on two conjugate rays 
of a pencil in involution, the feet of the Xs are coUinear with a 
fixed point. 

42. Miqubl's Theorem. — If the five sides of any pentagon 
ABCDE be produced, forming five A s external to the pentagon, 
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the Os described about these As intersect in five points A", B", 
€", D", E", which are eoncyclic. 




Dem.— Join E"B', E"D", D"C", C"B", C"C ; join also D"D 
and E'B", and let them produced meet in G. Now, consider the A 
AB'E', it is evident the O described about it {Cor. 3, Prop. 12, 
Book III.) will pass through the points E", B" ; hence the four 
points E", B', E', B" are concycUc ; .-. the Z. GB"E" = E'B'E"; 
but E'B'E" = GD"E" ; .-. z: GB"E" = GD"E". Hence the 
O through the points B", D", E" passes through G. 

Again, since the figure CDD^C is a quadrilateral in a 0, the 
L GDE' = D"C"C, and the L GE'D = B"C"C (III. 21) ; 
r. L B"C"D" = GDE' + GE'D. To each add L E'GD, and 
we see that the figure GD"C"B" is a quadrilateral in a © ; 
hence the through the points B", D", E" passes through C". 
In like manner it passes through A!*, Hence the ti\Q points 
A", B", C", D", E" are concycHc. 

43. If the product of the tangents, from a variable point P to 
two given 0s, has a given ratio to the square of the tangent from 
P to a third given coaxal with the former, the locus of P is a 
circle of the same system. 
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44. Through the TOiticeB of any A are drawn any three paral- 
lel lines, and through each vertex a line is drawn, mating the 
same L with one of the adjacent sides which the parallel makes 
with the other ; these three lines are concunent. Required the 
locus of the point in which they meet. 

46. If £rom any point in a given line two tangents be drawn to 
a given O, X, and if a 0, Y, be described touching X and the two 
tangents, the envelope of the polar of the centre of Y with respect 
to X is a circle. 

46. The extremities of a variable chord XY of a given O are 
joined to the extremities of a fixed chord AB ; then, if m AX . AY 
+ n BX . BY be given, the envelope of XY is a circle. 

47. If A, A' be conjugate points of a system in involution, and 
if AQ, A'Q be ± to the lines joining A, A' to any fixed point F, it 
is required to find the locus of Q. 

48. If 0, 0', hy h\ Cy d^ be three pairs of conjugate points of a 
system in involution ; then, 

(1). of/ .bff ,eaf = -<^h .Ve.ffa, 

(2). of/ . he , tf</ - " (^b . }/<f , ea. 

ab.al/ i^h.dV 



(3). 



ac , cuf (^e , die'' 



49. Construct a right-angled A , being given the sum of the 
base and hypotenuse, and the sum of the base and perpendicular. 

60. Given the perimeter of a right-angled A whose sides are 
in arithmetical progression : construct it. 

61. Given a point in the side of a A ; inscribe in it another A 
similar to a given A , and having one L at the given point. 

62. Given a point D in the base AB produced of a gi'^n A ABC ; 
draw a line EF through D cutting the sides so that the area of 
the A EFC may be given. 

63. Construct a A whose three L% shall be on given Os, 
and whose sides shall pass through three of their centres of 
similitude. 

64. From a given point three lines OA, OB, OC are drawn 
to a given line ABC ; prove that if the radii of the 0s inscribed 
in OAB, OBC are given, the radius of the inscribed in OAC 
will be determined. 

66. Equal portions OA, OB are taken on the sides of a given 
right L AOB, the point A is joined to a fixed point C, and a J. let 
faiU on AC from B : the locus of the foot of this ± is a circle. 
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66. If a segment AB of a given line "be cut in a giren anhar- 
monic ratio in two variable points X, X', tlien the anhazmonic 
ratio of any four positions of X will be equal to the anharmonic 
ratio of the four corresponding positions of X'. 

67. If a variable A inscribed in a O, X, whose radius is K, has 
two of its sides touching another O, T, whose radius is r, and 
whose centre is distant from the cenlre of X by S ; then the dis- 
tance of the centre of the O coaxal with X and T, which is the 
envelope of the third side of the A from the centre of X, 



= r^J 4- 



iS^ 



58. In the same case the radius of the which is the enve- 
lope of the third side is 

r^ ( Jg - p) - Rp^ 

3 ' 



where p = 






69. If two tangents be drawn to a 0, the points where any 
third tangent is cut by these will be harmonic conjugates to the 
point of contact and the point where it is cut by the chord of 
contact. 

60. If two points be inverse to each other with respect to any 
O, then the inverses of these will be inverse to each other with 
respect to the inverse of the O. Hence it follows that if two 
figures be inverse to each other with respect to any 0, their 
inverses will be inverse to each other with respect to the inverse 
of the circle. 

61. Malfatti's Problem. — ^To inscribe in a A three 0s which 
touch each other, and each of which touches two sides of the A , 

Analysis. — Let L, M, N be the points of contact of three 0s 
which touch one another, and each touch two sides of the A ABC ; 
draw the common tangents BE, FG, HI to these 0s at their 
points of contact L, M, N ; then, since these lines are the radical 
axes of the 0s taken in pairs, they are concurrent: let them 
meet in E. 

Now, it is evident that FH - HD = FO - DP = FM - DL » 
PK - DK. Hence H is the point of contact with FD of the 
described in the A FEB. In like manner, E and G are the 
points of contact of 0s which touch the triads of lines IE, EF, 
AC ; and IE, BE, AB, respectively. 
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Again, HN = HP = QL, and NS = ER = EL ; .-. HS = EQ; 
. (see 6, Prop. 1, Section V.) the tangents at E and H to the 0s 




£S and HQ meet on their of similitude ; .*. C is a point on the 
of similitude of the 08 ES and HQ ; and therefore these 08 
subtend equal Z s at C. Also, three common tangents of the 0s HQ, 
ES, PNE, viz., QL, SN, KF, are concurrent; .•. (see Ex. 48, 
Section it., Book III.) C must he the point of conciurence of 
three other common tangents to the same 08. Hence the second 
transverse common tangent to HQ and ES must pass through ; 
and since is a point on their of similitude, this transverse 
common tangent must bisect the L ACB. *In like manner it is 
proved that the bisectors of A and B are transverse common tan- 

fents to the 0s ES and GT, and to HQ and GT, respectively, 
[ence, we have the following elegant construction : — Let V be 
the point of concurrence of the three bisectors of the Z. s of the A 
ABC. In the A s VAB, VBC, VGA, describe three 0s : these 08 
win evidentiy, taken in pairs, have VB, VC, VA as transverse 
common tangents ; then to the same pairs of s draw the three 
other transverse tangents ; these will be respectively EB, GF, 
HI ; and the 08 described touching the triads of lines AB, AC, 
ED ; AB, BC, GF ; AB, BC, HI, will be the required circles. 

This construction is due to Steiner, and the foregoing simple 
and elementary proof to Dr. Hart (see Quarterly Jaumaly vol. i. 
p. 219). 

62. If a transversal passing through a fixed point cut any 
number of fixed lines in the points A, B, C, &c., and if P be a 
point such that 

OP " OA "^ OB ■*" OC "^ ' 
the locus of P is a right line. 
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^ 63. Tke sum of the squares of tiie radii of the four Os, cut- 
ting orthogonallv tiie inscribed and escribed 08 of a plane A, 
taken three by three, is equal to the square of the diameter of the 
circumscribed . 

64. Describe through two given points a cutting a giyenare 
of a given in a given anharmonic ratio. 

66. All 0s which cut three fixed 0s at equal L s form a coaxal 
system. 

66. Being given five points and a line, find a point on the line, 
so that the pencil formed by joining it to the five given points 
shall form an involution with die line itself. 

67. If a quadrilateral be inscribed in a circle, the circle de- 
scribed on the third diagonal as diameter will be the circle of 
similitude of the circles described on the other diagonals as dia- 
meters. 

68. If ABC be any A, B'C a line drawn || to the base BC ; 
then, if 0, 0' be the escribed 08 to ABC, opposite the Z. s B and 
C respectively, Oi the inscribed of AB'C, and O'l the escribed 
opposite the L A ; then, besides the lines AB, AC, which are 
common tangents, 0, 0', Oi, O'l, are all touched by two other 
circles. 

69. When two 0s intersect orthogonally, the locuus of the point 
whence four tangents can be drawn to the 08, and forming a 
harmonic pencil, consists of two lines, viz., the polars of the 
centre of similitude of the two circles. 

70. If two lines be divided homographically in the two sys- 
tems of points 0, d, ^, &c., «(', ^, tfy &c., then the locus of the 
points of intersection of aVy c^b, cuf^ afcy ad!^ c^d, &c., is a right 
line. 

71. Being given two homographic pencils, if through the pcnnt 
of intersection of two corresponding rays we draw two transver- 
sals, which meet the two pencils in two series of points, the lines 
joining corresponding points of intersection are concurrent. 

72. Inscribe a A in a having two sides passing throu^ two 
given points, and the third || to a given Une. 

73. If two As be described about a 0, the six angular points 
are such that any four are subtended equianharmonically by the 
other two. 

74. Given four points A, B, C, D on a given line, find two 
other points X, T, so that the anharmonic ratios (ABXT), (CDXY) 
may be given. 

76. If two quadrilaterals have the same diagonals, the eight 
points of intersection of their sides are such mat any four are 
subtended equianharmonically by the other four. 



BOOK VI. 165 

76. Given three rays A, B, C, find three other rays X, Y, Z 
through the same vertex 0, so that the aDharmonic ratios of the 
pencils (0 . ABXY), (0 . BCYZ), (O . CAZX), may be given. 

77. If a A similar to that formed by the centres of three given 
0s slide with its three vertices on their circumferences, the ver- 
tices divide the Os homographically. 

78. Find the locus of the centre of a O, being given that the 
polar of a given point A passes through a given point B, and 
the polar of another given point C passes thrgugh a given 
point B. 

79. If a A be self -conjugate with respect to a given O, the 
O described about the A is orthogonal to another given circle. 

80. The s self -conjugate to the As formed by four lines are 
coaxal. 

81. The pencil formed by Hnes II to the sides and diagonals of a 
quadrilater^ is involution. 

82. If four 0s be co-orthogonal, that is, have a common or- 
thogonal 0, their radical axes form a pencil in involution. 

83. In a given to inscribe a A whose sides shall divide in a 
given anharmonic ratio given arcs of the circle. 

84. When four 0s have a common point of intersection, their 
six radical axes form a pencil in involution. 

85. The pencil formed by drawing tangents from any point in 
their radical axis to two s, and drawing two lines to their centres 
of similitude, is in involution. 

*86. If a pair of the opx)Osite L s of a quadrilateral be equal to a 
right L , then the sum of the squares of the rectangles contained 
by the opx)Osite sides is equal to the square of the rectangle con- 
tained by the diagonals. 

87. Prove that the problem 17, page 38, "To inscribe in a given 
A DEF, a A given in species whose area shall be a minimum," 
admits of two solutions ; and also that the point O' in the second 
solutum, which corresponds to in the first, is the inverse of 
with respect to the circle which circumscribes the A D£F. 

88. The line joining the intersection of the Is of a A to the 
centre of a circumscribed is X to the axis of persi)ective of the 
given A , and the A formed by joining the feet of the X s. 



• This Theorem is due to Bellavitis. See "iaa Af4ikode des Eguipollences. 
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89. If two Os whose radii are R, R', and the distance of whose 
centres is 8, be such that a hexagon can be inscribed in One and 
circumscribed to the other ; then 

1 1 



1_ 

^ 2R'^.(R* + 82) _ (B,3 - r-y 

90. In the same case, if an octagon be inscribed in one and 
circumscribed to the other, 

« 

{ (R2 - 82)2 ^ 4R'2R8 J + l(R2-82)*-4R'2R8 } 

"^ I 2R'2 (R« + 8*) - (R2 -8)2 j ■ 

91. If a variable touch two fixed Os, the polar of its centre 
with respect to either of the fixed Os touches a fixed circle. 

92. If a O touch three Os, the polar of its centre, with respect 
to any of the three Os, is a common tangent to two circles. 

♦93. Prove that the Problem, to inscribe a quadrilateral, whose 
perimeter is a Tninimum in another quadrilateral, is indeterminate 
or impossible, according as the given quadrilatend has the sum of 
its opposite angles equal or not equal to two right angles. 

94. If a quadrilateral be inscribed in a O, the lines joining the 
feet of the Xs, let fall on its sides from the point of intersection 
of its diagonals, will form an inscribed quadrilateral Q of minimum 
perimeter ; and an indefinite nimiber of other quadrilaterals may be 
mscribed whose sides are respectively equal to the sides of Q, the 
perimeter of each of them being equal to the perimeter of Q. 

95. The perimeter of Q is equal to the rectangle contained by 
the diagonals of the original quadrilateral divided by the radius of 
the circumscribed circle. 

96. Being given four lines forming four As, the sixteen cen- 
tres of the inscribed and escribed Os to these A s lie four by four 
on four coaxal circles. 

97. If the base of a A be given, both in magnitude and posi- 
tioU) and the ratio of the simi of the squares of the sides to the 
area, the locus of the vertex is a circle. 



* The Theorems 87 and 93-96 have been communicated to the author 
by Mr. W. S. M'Cay, f.t.cd. 
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98. If a line of constant length slide between two fixed lines, 
the locus of the centre of instantaneous rotation is a circle. 

99. If two sides of a A given in species and magnitude slide 
along two fixed Os, the envelope of the third side is a circle. 
(Bobillier). 

100. If the lengths of the sides of the A in Ex. 99 he denoted 
by a, bf c, and the radii of the three Os by a, i3» 7; then 
aa± bfi ± cy=: twice the area of the A , the sign + or — being 
used according as the Os touch the sides of the A internally or 
externally. 

101 . If five quadrilaterals be formed from five Hnes by omitting 
each in succession, the lines of collinearity of the middle points 
of their diagonals are concurrent. (H. Fox Talbot.) 

102. If D, D' be the diagonals of a quadrilateral whose four 
sides are a, by e, d, and two of whose opposite angles are 0, $', then 

D' D'2 = a*i^ + b^d^- 2abed cos (6 + 0- 

103. If the sides of a A ABC, inscribed in a O, be cut by a 
transversal in the points a, by e. If a, i3, y denote the lengths of 
the tangents from a, d, c to the O, then a&y — Ab ,Bc, Ca. 

104. Ji aj by c denote the three sides of a A, and if a, ^, 7 de- 
note the bisectors of its angles, 

^y={a-\-b)(b-i.e)(c + ay 

106. If a A ABC circumscribed to a O be also circumscribed 
to another A A'B'C, and in perspective with it, the tangents from 
the vertices of A'B'C will meet its opposite sides in three collinea]c 
points. 

106. If two sides of a triangle be given in position, and its 
area given in magnitude, two points can be found at each of 
which the base subtends an angle of constant magnitude. 

107. If two sides of a triangle and its inscribed circle be given 
in position, the envelope of its circumscribed circle is a circle. — 
Manheim. 

108. If the circumference of a circle be divided into an uneven 
number of equal parts, and the points of division denoted by the 
indices 0, 1, 2, 3, &c., then if the point of the circle diametri- 
cally opposite to that whose index is zero be joined with all the 
points in one of its semicircles, the rectangle contained by the 
chords terminating in the points 1, 2, 4, 8 ... is equal to the 
power of the radius denoted by the number of chords. 
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109. A right line, which bisects the perimeter of the maximum 
figure contained by that perimeter, bisects also the area of the 
figure. Hence show, that of all figures having the same perimeter 
a circle has the greatest area. 

110. The polar circle of a triangle, its circumscribed circle, 
and nine-points circle, are coaxal. 

111. The polar circles of the five triangles external to a pen- 
tagon, which are formed by producing its sides, have a common 
oi&ogonal circle. 

112. The six anharmonic ratios of four collinear points can be 
expressed in terms of the trigonometrical functions of an angle, 
namely, 

sin'^, cos^^, tan^^, cosec^^, sec^^, cot^0. 

Show how to construct ^. 

113. If the sides of a polygon of an even number of sides, be 
cut by any transversal, the product of one set of alternate seg- 
ments is equal to the product of the other set. If the number of 
sides of the polygon be odd, the rectangles will be equal, but will 
have contrary signs (Carmot). 

114. If from the angular points of a polygon of an odd number 
of sides concurrent lines be drawn, dividing the opposite sides 
each into two segments, the product of one set of alternate seg- 
ments is equal to the product of the other set (Poncelet). 

115. If the points at infinity on two lines divided homo- 
graphically be corresponding points, the lines are divided pro- 
portionally. 
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Anharmonic section, 126. 

ratio, 127. 

' pencil, 128. 

Axis ofhomoloGfy or perspective, 77. 

radical, oftwo circles, 43. 

of similitude of three circles, 

84. 

(Centre of homology or perspective, 

7.7- 
— of inversion, 41. 

— • — of involution, 133. 

of mean position, 12. 

of reciprocation, 142. 

radical, of three circles, 43. 

Circle of inversion, 41,96. 
of similitude, 86. 

cutting another circle or- 
thogonally, 42. 

Nine-points, 58, 104, 105. 

Circles, four mutually orthogonal, 
no. 

coaxal, 43, X13. 

Collinear points^ 5. 
Complete quadrilateral, 5. 
Concurrent lines, 3. 
Conjugate points, 45. 
lines, 75. 

Double points of a system in invo- 
lution, 133. 

Double rays of a pencil in involu- 
tion, 134. 

Double points of a homographic 
system, 136. 

Envelope of a moveable line or 

circle defined, 120. 
Escribed circles, 55. 

square, 11. 

Feuerbach's theorem, 58, 104, 105. 
Hart's extension 01, 106. 



Harmonic conjugates, 87, 90. 

mean, 88. 

pencil, 90. 

section, 87. 

system of points on a 



circle, 92. 
triangle of a quadrila- 

lateral, 94. 
Homographic points, 136. 

Inscribed circle, 54. 

square, xx. 

Inverse points, 95. 

of a curve, 95. 

Inversion defined, 49, 51. 
Involution, points in, 133. 
pencil in, 134. 

Limiting points of a coaxal system, 

, 43, "S. 
Locus, 5. 

Malfatti's Problem, 152. 
Maximum and minimum defined, 

Miquel's Theorem, 149. 
Multiples, system of, 13. 

Pascal's Theorem, 139. 
Pencil of rays, 127. 

in involution, 134, 

Perspective, triangles in, 77. 
Pole and Polar defined, 44. 
Poncelet's Theorem, 125. 
Ptolemy's Theorem, extension of, 
104. 

Radical axis, 43. 

centre, 43. 

Radius of inversion, 41, 96. 
Rays, pencil of, 127. 
Reciprocation, X42, 143. 

Self-conjugate triangle, 93. 
Species, triangle g^ven in, 37. 
quadrilateral given in, 81. 

Transversal, 90, 128. 
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A SEQUEL TO THE FIEST SIX BOOKS OF THE 
ELEMENTS OF EUCLD. 



EXTRACTS FROM CRITICAL NOTICES. 

Thb Schoolmasteb. 

''This book contains a large number of elementary geometrical 
propositions not given in Euclid, which are required by every 
student of Mathematics. Here are such propositions as that the 
three biseetore of the sides of a triangle are concurrent, needed in 
determining the position of the centre of gravity of a triangle ; 
propositions in titie circle needed in Practical Geometry and 
Mechanics ; properties of the^ centres of similitudes, and the 
theories of inversion and reciprocations so useful in certain 
electrical questions. The proofs are always neat, and in many 
cases exceedingly elegant.'^ 

The EDuaiTioNAL Times. 

"We have certainly seen nowhere so p;ood an introduction to 
Modem Geometry, or so copious a collection of those elementary 
propositions not given by Euclid, but which are absolutely indis- 
pensable for every student who intends to proceed to the study of 
hie Higher Mathematics. The style and general ^t up of the 
book are, in every way, worthy of the * Dublin University Press 
Series,' to which it belongs." 

The School Guabdian. 

''This book is a well-devised and useful work. It consists of 
propositions supplementary to those of the first six books of 
Euclid, and a series of carefully arranged exercises which follow 
each section. More than half the book is devoted to the Sixth 
book of Euclid, the chapters on the ' Theory of Inversion * and 
on the 'Poles and Polaxs' being especially good. Its method 
skilfully combines the methods of old and Modem Geometry ; and 
a student, well acquainted with its subject-matter, would be 
fairly equipp^ with the geometrical knowledge he wpuld require 
for the study of any branch of physical science.'' 



